
Parameter estimation

The function S (·) is known up to the value of some parameter ϑ, i.e.,
S (x) = S (ϑ, x), the observed process is

dXt = S(ϑ, Xt) dt + σ(Xt) dWt, X0, 0 ≤ t ≤ T

and the likelihood ratio function

L(ϑ;XT ) = exp

{∫ T

0

S(ϑ, Xt)
σ(Xt)2

dXt − 1
2

∫ T

0

S(ϑ, Xt)2

σ(Xt)2
dt

}
.

Maximum likelihood approach. We define the MLE ϑ̂T as one
of the solutions of the equation

L(ϑ̂T , XT ) = sup
ϑ∈Θ

L(ϑ, XT ).
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Example. Let

dXt = [ϑ h (Xt) + g (Xt)] dt + σ (Xt) dWt, 0 ≤ t ≤ T,

where ϑ ∈ Θ = (α, β). Then the MLE

ϑ̂T = α 1I{ηT≤α} + ηT 1I{α<ηT <β} + β 1I{ηT≥β}

where

ηT =

∫ T

0
h(Xt)

σ(Xt)
2 [dXt − g (Xt) dt]

∫ T

0

(
h(Xt)
σ(Xt)

)2

dt
.

We have

ϑ̂T = ϑ +

∫ T

0
h(Xt)
σ(Xt)

dWt

∫ T

0

(
h(Xt)
σ(Xt)

)2

dt
(1 + o (1))
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Further
√

T
(
ϑ̂T − ϑ

)
=

1√
T

∫ T

0
h(Xt)
σ(Xt)

dWt

1
T

∫ T

0

(
h(Xt)
σ(Xt)

)2

dt
(1 + o (1))

By the LLN and CLT

1
T

∫ T

0

(
h (Xt)
σ (Xt)

)2

dt −→ Eϑ

(
h (ξ)
σ (ξ)

)2

= I (ϑ) ,

1√
T

∫ T

0

h (Xt)
σ (Xt)

dWt =⇒ N (0, I (ϑ)) .

Hence √
T

(
ϑ̂T − ϑ

)
=⇒ N

(
0, I (ϑ)−1

)
.
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Bayesian approach. Suppose that the unknown parameter ϑ is
random variable with the density function p (θ) , θ ∈ Θ = (α, β).
Then the bayesian estimator (BE) ϑ̃T is defined by

E
(
ϑ̃T − ϑ

)2

= inf
ϑ̄T

E
(
ϑ̄T − ϑ

)2
.

Here

E
(
ϑ̄T − ϑ

)2 =
∫ β

α

Eθ

(
ϑ̄T − θ

)2
p (θ) dθ

The BE is

ϑ̃T = E
(
ϑ|XT

)
=

∫ β

α

θ p
(
θ|XT

)
dθ =

∫ β

α
θ p (θ)L

(
θ, XT

)
dθ

∫ β

α
p (θ)L (θ, XT ) dθ
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Example. Suppose that

dXt = ϑh(Xt) dt + dWt, X0 = x, 0 ≤ t ≤ T,

where ϑ ∈ R+ and p(ϑ) = λ e−λϑ, ϑ ≥ 0. Then the direct calculation
provides

ϑ̃T =
∆T − λ

IT
+

√
2π

IT

exp
{
− (∆T−λ)2

2IT

}

1− Φ
(

λ−∆T√
IT

) ,

where Φ(a) = P {ζ < a} , ζ ∼ N (0, 1) and

∆T =
∫ T

0

h (Xt) dXt, IT =
∫ T

0

h (Xt)
2 dt

Using LLN and CLT we obtain

√
T

(
ϑ̃T − ϑ

)
=⇒ N

(
0,

(
Eϑh (ξ)2

)−1
)
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Minimum distance approach.
a)EDF Let us introduce the empirical distribution function

F̂T (x) =
1
T

∫ T

0

1I{Xt<x} dt

and the MDE ϑ∗T as
∥∥∥F̂T (·)− F (ϑ∗T , ·)

∥∥∥ = inf
ϑ∈Θ

∥∥∥F̂T (·)− F (ϑ, ·)
∥∥∥

Where ‖·‖ is L2 (µ) norm. This estimator (under regularity
conditions) is consistent and asymptotically normal

√
T (ϑ∗T − ϑ) ⇒ N

(
0,dF (ϑ)2

)

but it is not asymptotically efficient.

6



The proof of the asymptotic normality is based on the representation

√
T

(
F̂

T
(x)− F (x)

)
=

2√
T

∫ XT

X0

F (v ∧ x)− F (v)F (x)
σ (v)2 f (v)

dv

− 2√
T

∫ T

0

F (Xt ∧ x)− F (Xt)FS (x)
σ (Xt) f (Xt)

dWt.

it is asymptotically normal

LS

{√
T

(
F̂

T
(x)− F (x)

)}
=⇒ N

(
0, dF (ϑ, x)2

)
.

Here, F (x) = F (ϑ, x) , f (x) = f (ϑ, x)

dF (ϑ, x)2 = 4 Eϑ

(
F (ξ ∧ x)− F (ξ) F (x)

σ (ξ) f (ξ)

)2

< ∞,
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b)LTE Let us introduce the local time estimator of the density

f̂T (x) =
2

Tσ (x)2

∫ T

0

1I{Xt<x} dXt

and the MDE ϑ∗∗T as
∥∥∥f̂T (·)− f (ϑ∗∗T , ·)

∥∥∥ = inf
ϑ∈Θ

∥∥∥f̂T (·)− f (ϑ, ·)
∥∥∥

This estimator (under regularity conditions) is consistent and
asymptotically normal

√
T (ϑ∗∗T − ϑ) ⇒ N

(
0,df (ϑ)2

)

but it is not asymptotically efficient.
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Method of moments. Let us denote m (ϑ) = Eϑg (ξ) and suppose
that m (θ) is strictly monotone function. Then the estimator of the
method of moments (EMM) ϑ̄T is defined by the relation

m
(
ϑ̄T

)
=

1
T

∫ T

0

g (Xt) dt ≡ m̂T .

Let h (x) = m−1 (x), then ϑ̄T = h (m̂T )

√
T

(
ϑ̄T − ϑ

)
=

h′ (m (ϑ))√
T

∫ T

0

[g (Xt)−m (ϑ)] dt =⇒ N
(
0, D (ϑ)2

)
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Example. In the case of the Ornstein–Uhlenbeck process

dXt = − (a Xt − b) dt + σ dWt, X0, 0 ≤ t ≤ T,

with ϑ = (a, b) and a > 0 we take g(x) =
(
x, x2

)
. We have Eϑξ = b/a

and Eϑξ2 = b2/a2 + σ2/2a. Hence the EMM ϑ̄T =
(
āT , b̄T

)
is

ā
T

=
σ2

2 (Y2 − Y 2
1 )

, b̄
T

=
Y1 σ2

2 (Y2 − Y 2
1 )

,

where

Y1 =
1
T

∫ T

0

Xt dt → b

a
, Y2 =

1
T

∫ T

0

X2
t dt → b2

a2
+

σ2

2a
.

Therefore this estimator is consistent. Using CLT for ordinary
integrals it is possible to prove its asymptotic normality.
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Example. Let

dXt = −sgn (Xt − θ) dt + σ dWt, 0 ≤ t ≤ T

then the invariant density f (ϑ, x) = 1
σ2 e−

2
σ2 |x−θ| and

m (ϑ) = Eϑξ = ϑ. Hence the EMM

ϑ̄T =
1
T

∫ T

0

Xt dt −→ ϑ

and is asymptotically normal

√
T

(
ϑ̄T − ϑ

)
=

1√
T

∫ T

0

[Xt − θ] dt =⇒ N
(

0,
5

4σ2

)
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Trajectory fitting approach. Let us introduce a family of
stochastic processes

X̂t (ϑ) = X0 +
∫ t

0

S (ϑ, Xs) ds, 0 ≤ t ≤ T, ϑ ∈ Θ

and define the trajectory fitting estimator (TFE) as

ϑ?
T

= arg inf
ϑ∈Θ

∫ T

0

[
Xt − X̂t (ϑ)

]2

dt.

This estimator (under regularity conditions) is consistent and
asymptotically normal. Important condition is

EϑS (ϑ1, ξ) 6= 0, if ϑ 6= ϑ1.
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Example. In the linear case

dXt = − (a Xt − b) dt + σdWt, X0, 0 ≤ t ≤ T

the TFE of the parameter ϑ = (a, b) is not consistent because

Eϑ (a1ξ − b1) =
a1 b

a
− b1 = 0, for ϑ1 = (κa, κb)

and all κ > 0. But if ϑ = a and b 6= 0 is known, then the TFE

a?

T
= −

∫ T

0
(Xt −X0 − bt) Yt dt

∫ T

0
Y 2

t dt
, Yt =

∫ t

0

Xs ds

can have good properties. In particular, we have

a?

T
= a− σ

∫ T

0
Wt Yt dt

∫ T

0
Y 2

t dt
, Zt =

1
t

∫ t

0

Xs ds −→ Eaξ =
b

a
.
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