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Preface

The aim of this note is to giv e a self-con tained treatmen t of w eak con v ergence of martingales and

in tegrable additiv e functionals in general Harris recurren t Mark o v pro cesses in con tin uous time.

If a Harris pro cess X = ( X

t

)

t � 0

has a recurren t atom, then necessary and su�cien t conditions for

w eak con v ergence of martingales asso ciated to X ha v e t w o comp onen ts: �rst, either ergo dicit y

of X or { in case of n ull recurrence { regular v ariation at in�nit y of tails of lifecycle length

distributions (life cycles are excursions of the pro cess b et w een suitably de�ned successiv e visits to

the atom); second, an in tegrabilit y condition (with resp ect to in v arian t mesure) on the predictable

quadratic v ariation. The norming functions are expressed in terms of tails of the lifecycle length

distribution; they v ary regularly at in�nit y with some index 0 < � � 1.

Limit pro cesses are either Bro wnian motion (case � = 1), or Bro wnian motion sub ject to indep en-

den t time c hange b y a Mittag-Le�er pro cess (the pro cess in v erse to a stable increasing pro cess)

of index 0 < � < 1. No other w eak limits under linear scaling of time and suitable norming can

o ccur. Bro wnian motion in the limit do es not c haracterize ergo dicit y of the pro cess X , but arises

also in a n ull recurren t case on the fron tier to ergo dicit y .

F or general Harris pro cesses, recurren t atoms and th us i.i.d life cycles for the pro cess X do not

exist. So w e consider instead of X a family of Harris pro cesses (

e

X

m

)

m

where

e

X

m

for large m

is v ery close to X , and where tra jectories of

e

X

m

ha v e from time to time 
ats of indep enden t

exp onen tial length o v er whic h Nummelin splitting can b e applied. In this w a y w e get for ev ery

one of the pro cesses

e

X

m

a recurren t atom, i.i.d life cycles and th us limit theorems as ab o v e, for

martingales and in tegrable additiv e functionals of

e

X

m

. These limit theorems dep end on m only

through a set of constan ts whic h con v erge to a limit as m tends to in�nit y . In this w a y , w e can

deduce the desired limit theorem for martingales and in tegrable additiv e functionals of X from

the family of limit theorems for (

e

X

m

)

m

. Of course, since life cycles for

e

X

m

ha v e b een in tro duced

arti�cially and are di�eren t at eac h stage m , w e need an in trinsic represen tation of the norming

function for X -martingales: this in trinsic norming function is giv en in terms of regular v ariation

at 0 of resolv an ts of X .
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This is a new lo ok on a partially v ery old topic. A �rst famous pap er on con v ergence of in teg-

rable additiv e functionals is b y Darling and Kac in 1957 ([D-K 57], re-exp osed in the b o ok b y

Bingham, Goldie and T eugels [B-G-T 87]): they pro v e that under a 'Darling-Kac condition', nor-

ming functions for additiv e functionals of X are necessarily regularly v arying, and limit la ws (for

one-dimensional marginals) are necessarily Mittag-Le�er la ws. W eak con v ergence of martingales

under a Lindeb erg condition implies w eak con v ergence of quadratic v ariation pro cesses (for w eak

con v ergence of sto c hastic pro cesses, w e rely on the b o ok b y Jaco d and Shiry aev [J-Sh 87]). So

the Darling-Kac result remains a main argumen t in the 'necessary part' of the result on w eak

con v ergence of martingales (w e note here that the case of slo w v ariation of tails of life cycle length

distributions, presen t in the Darling-Kac theorem, do es not corresp ond to we ak con v ergence, but

only to con v ergence of �nite-dimensional distributions: this explains the absence of the case � = 0

in our treatmen t). In a spirit similiar to [D-K 57], additiv e functionals of n ull recurren t birth and

death pro cesses or branc hing pro cesses with immigration w ere treated b y Karlin and McGregor

[K-MG 61], Zubk o v [Zu 72] and P ak es [P a 75]. F or one-dimensional di�usions, Khasminskii ([Has

80], see also [Kh 00], [Kh 01]) to ok a completely di�eren t route { based on di�eren tial equation

tec hniques { to limit theorems for in tegrable additiv e functionals.

The 'su�cien t part' of the result of w eak con v ergence of martingales is an assertion 'regular v a-

riation of tails of life cycle length distributions implies con v ergence of martingales to Bro wnian

motion time-c hanged b y an indep enden t Mittag-Le�er pro cess'. The k ey step for this app ears in

a pap er b y Green w o o d and Resnic k [Gr-R 78]: they consider join t con v ergence of bidimensional

random w alks where the �rst marginal is attracted to Bro wnian motion, the second to a stable

pro cess, and pro v ed { with strong reference to P . L � evy { that necessarily Bro wnian motion and

stable pro cess in v olv ed in suc h limits are indep enden t. In the sequel, similiar ideas reapp ear in

Kasahara [Ka 84] and other pap ers.

The next imp ortan t progress w as the pap er b y T ouati [T ou 88] considering completely general

Harris pro cesses. T ouati argued that using Nummelin splitting along a sequence of indep enden t

exp onen tial times, life cycles ma y alw a ys b e in tro duced arti�cially , and he ga v e a v ery go o d

argumen t allo wing to a v oid 'Darling-Kac conditions' { whic h for general pro cesses are highly

cum b ersome and rather imp ossible to v erify { b y use of 'sp ecial functions'. The corresp onding

parts of our treatmen t b elo w are en tirely based on this idea. Ho w ev er, w e do not follo w T ouati in
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his argumen t on arti�cial in tro duction of life cycles (in con tin uous-time setting) whic h seems to us

problematic. Instead of this, w e prop ose another approac h via an 'accompan ying family' (

e

X

m

)

m

for X suc h that at ev ery stage m , Nummelin-lik e splitting of

e

X

m

is p ossible. T ouati w as the

�rst to enounce a result on w eak con v ergence of martingales and in tegrable additiv e functionals

of a general Harris pro cess in complete generalit y and under minimal h yp otheses; unfortunately ,

a �nal publication of his pap er nev er to ok place, and some p oin ts in his preprin t v ersion (e.g.

treatmen t of case � = 1 where errors o ccur) ha v e to b e corrected.

W e no w state the general result under minimal h yp otheses in a pr eliminary w a y; see section 3

(theorems 3.15 and 3.16 there) for the complete set of assumptions and the de�nitiv e form ulation.

Theorem (preliminary v ersion): Consider a strong Mark o v pro cess X = ( X

t

)

t � 0

, de�ned on

(
 ; A ; ( F

t

)

t � 0

; ( P

x

)

x 2 E

), with P olish state space ( E ; E ), and with c� adl� ag paths. Assume that X

is Harris recurren t with in v arian t measure � .

a) F or 0 < � � 1 and l ( � ) v arying slo wly at 1 , the follo wing i) and ii) are equiv alen t:

i) for ev ery g nonnegativ e E -measurable with 0 < � ( g ) < 1 , one has regular v ariation at 0 of

resolv an ts of the pro cess X

�

R

1 =t

g

�

( x ) = E

x

�

Z

1

0

e

�

1

t

s

g ( X

s

) ds

�

� t

�

1

l ( t )

� ( g ) ; t ! 1

for � -almost all x 2 E (the exceptional set dep ending on g );

ii) for ev ery in tegrable additiv e functional A of X , 0 < E

�

( A

1

) < 1 , one has w eak con v ergence

( A

tn

)

t � 0

n

�

= l ( n )

! E

�

( A

1

) W

�

in D ( I R

+

; I R ) as n ! 1 , under P

x

, for all x 2 E .

F or 0 < � < 1, the pro cess W

�

o ccurring in ii) is the Mittag-Le�er pro cess of index � , i.e. the

pro cess in v erse of the stable increasing pro cess S

�

; for � = 1, W

1

is the deterministic pro cess

id := ( t )

t � 0

.

b) The cases in a) are the only ones where w eak con v ergence of

( A

tn

)

t � 0

v ( n )

to a con tin uous

nondecreasing limit pro cess W (with W

0

= 0 and L ( W

1

) not degenerate at 0) is a v ailable for

some norming function v .

c) Consider a lo cally square in tegrable lo cal martingale M on (
 ; A ; I F ; P

x

), c� adl� ag and with

M

0

= 0. Assume that its predictable quadratic v ariation h M i is a lo cally b ounded pro cess whic h
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is an inte gr able additiv e functional of X .

If a)i) holds for some 0 < � � 1 and some l ( � ) v arying slo wly at 1 , w e ha v e

1

p

n

�

=l ( n )

( M

tn

)

t � 0

!

�

E

�

( h M i

1

)

�

1 = 2

B ( W

�

)

(w eak con v ergence in D ( I R

+

; I R ) as n ! 1 , under P

x

).

If in addition the sequence

1

p

n

�

=l ( n )

( M

tn

)

t � 0

, n � 1, satis�es a Lindeb erg condition, w e ha v e

w eak con v ergence of pairs

 

1

p

n

�

=l ( n )

M

tn

;

1

n

�

=l ( n )

h M i

tn

!

t � 0

!

�

�

E

�

( h M i

1

)

�

1 = 2

B ( W

�

) ;

�

E

�

( h M i

1

)

�

W

�

�

in D ( I R

+

; I R � I R ) as n ! 1 , under P

x

.

Here our notations are as usual in semimartingale theory , see e.g. the b o ok Jaco d and Shiry aev

[J-Sh 87]; in particular, the predictable quadratic v ariation h M i of a lo cally square in tegrable

lo cal martingale M is the unique predictable increasing pro cess suc h that M

2

� h M i is a lo cal

martingale. An extension of c) to m ultidimensional martingales M is straigh tforw ard: replace

B in c) b y a m ultidimensional standard Bro wnian motion, and the co v ariance b y the matrix

�

E

�

�

h M

i

; M

j

i

1

� �

i;j

, where M

i

, M

j

are the comp onen ts of M . Also, b y the ratio limit theorem,

the second assertion of c) yields con v ergence of martingales together with arbitrary in tegrable

additiv e functionals of X .

Ho w ev er, there is an essen tial di�cult y related to this general form ulation. Usually in applicati-

ons, one sp eci�es a Mark o v pro cess b y its in�nitesimal generator, and { except some rare examples

{ there is no p ossibilit y to put hands { in a sense of explicit represen tations { on the semigroup

itself. As a consequence, explicit calculation of resolv en ts from the semigroup seems p ossible only

in v ery few cases, so condition a)i) is of rather limited practical in terest. This is wh y the study of

pro cesses with life cycles presen ts an in terest in itself: v arious to ols to calculate explicit norming

functions from tails of suitable life cycle distributions do exist. Some care is needed in order to

de�ne prop erly these life cycles in con tin uous time. W e state a pr eliminary r ough version of the

result 'with life cycles', see section 3 for the de�nitiv e form ulation with all details, in particular

for our assumptions concerning life cycles (theorem 3.1 together with corollaries 3.2, 3.3, and

prop osition 3.4).
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Theorem (preliminary v ersion): Assume that the Harris pro cess X has a recurren t atom.

F or suitably de�ned life cycles of X { with life cycle length distribution F { and appropriate

norming of the in v arian t measure, condition a)i) on resolv en ts of X in the preceding theorem

(with 0 < � � 1 and l ( � ) v arying slo wly at 1 ) is equiv alen t to

r ( t ) :=

Z

t

0

(1 � F ( x )) dx �

1

�(2 � � )

t

1 � �

l ( t ) ; t " 1 ;

with same � and l ( � ), and in case � < 1 also equiv alen t to

1 � F ( x ) �

1

�(1 � � )

x

� �

l ( x ) ; x " 1 :

There are sev eral p oin ts whic h are not tr e ate d in this text. First, w e do not consider the case of

slo wly v arying norming functions; this arises e.g. in connection with t w o-dimensional Bro wnian

motion, see Kasahara and Kotani [K-K 79] or Hu and Y or [H-Y 98]. Here in teresting time trans-

formations are non-linear, and only �nite-dimensional con v ergence can b e obtained: our text is

based on w eak con v ergence tec hniques, functional in time, for semimartingales. Th us for the case

� = 0, w e refer the reader to the w ork of Kasahara ([Ka 82], [Ka 86], [Ka 85]), and { relying on

Kasahara here { T ouati [T ou 88]. Next, w e do not consider discrete time pro cesses: for discrete

time, there are recen t results of Chen ([Che 99], [Che 00]) who uses Nummelin splitting and 'sp e-

cial functions', but is in terested in con v ergence of one-dimensional marginals only . T ouati [T ou

88] treated the con tin uous time case parallel to discrete time: he has the discrete-time v ersions

of all ab o v e results. Third, there is w ork on strong appro ximation of additiv e functionals: see the

pap ers b y Cs� aki, Cs

•

org

•

o, F

•

oldes, R � ev � esz [C-C-F-R 92], and [C-C 95], [C-S 96].

The presen t text is organized as follo ws. First, there are t w o in tro ductory sections: section 1

deals with Harris recurrence, and section 2 with stable pro cesses and classical con v ergence to

stable la ws. All our main results are form ulated in section 3. Here subsection 3.1 is dev oted to

pro cesses X whic h admit a recurren t atom and th us i.i.d life cycles. Subsection 3.2 giv es a family

of examples whic h apply the result 'with life cycles' to classical one-dimensional di�usions, with

strong reference to Khasminskii (his explicit represen tation of tails of life-cycle length distributi-

ons in n ull recurren t one-dimensional di�usions is a k ey to ol here). Finally subsection 3.3 states

the gener al r esult (without assuming existence of life cycles for X ) under minimal hyp otheses .
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All pro ofs together then form the rest of our text: section 4 pro v es the 'su�cien t part' in case

of life cycles, section 5 the corresp onding 'necessary part', section 6 recalls classical Nummelin

splitting as in tro duced b y [Num 78], and section 7 { dev oted to general pro cesses without life

cycles { constructs the family (

e

X

m

)

m

of pro cesses 'accompan ying' X suc h that Nummelin-lik e

splitting can in tro duce atoms and life cycles arti�cially in to

e

X

m

, at ev ery stage m , and then

deduces the con v ergence theorem for X from the family of con v ergence theorems for (

e

X

m

)

m

.

W e hop e that the presen t text ma y con tribute to mak e existing theorems on w eak con v ergence of

martingales and in tegrable additiv e functionals in n ull recurren t Mark o v pro cesses b etter kno wn

in the probabilistic and statistical comm unit y , and ma y b e useful as a self-con tained reference in

applications suc h as statistical inference for sto c hastic pro cesses.

Ac kno wlegdemen ts : This text grew out of a w orking group on this topic organized b y b oth

authors in the summer term 2000 at the Univ ersit y of Mainz. W e thank F rau J. Gonsk a for skilful

t yping of most parts of our man uscript.
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1 Harris recurrence

This in tro ductory section states some main facts ab out Harris recurrence. These facts will b e

used througout this text. An essen tial reference is Az � ema-Du
o-Revuz [A-D-R 69].

Throughout this note, w e consider a sto c hastic basis (
 ; A ; I F ), I F righ t-con tin uous, and on

(
 ; A ; I F ; ( P

x

)

x

) a pro cess X = ( X

t

)

t � 0

whic h is strongly Mark o v, taking v alues in a P olish space

( E ; E ), with c� adl� ag paths, and with X

0

= x P

x

-a.s., x 2 E . W e ha v e shift op erators ( #

t

)

t � 0

on

(
 ; A ; I F ), and write ( P

t

)

t � 0

for the semigroup of X .

1.1 De�nition: ([A-D-R 69]) X is called Harris r e curr ent if there exists some � -�nite measure

m on ( E ; E ) suc h that

( � ) m ( A ) > 0 = ) 8 x 2 E : P

x

�

Z

1

0

1

A

( X

s

) ds = 1

�

= 1 :

Sometimes also the terminology m - irr e ducible is used for ( � ).

1.2 Theorem: ([A-D-R 69]) If X is Harris recurren t, then there is a unique (up to constan t

m ultiples) in v arian t measure � for X (i.e. a � -�nite measure suc h that �P

t

= � for all t � 0),

and prop ert y ( � ) in 1.1 holds with � in place of m .

De�nition: A Harris recurren t pro cess X with in v arian t measure � is called p ositive r e curr ent

(or er go dic ) if � ( E ) < 1 , nul l r e curr ent if � ( E ) = 1 .

W e giv e the ma jor ideas of the pro of of 1.2; the notions dev elopp ed here will reapp ear as main

to ols in section 7.

Sk etc h of the pro of of 1.2: F or � > 0, the � -p oten tial k ernel is

U

�

( x; A ) = E

x

(

Z

1

0

e

� �t

1

A

( X

t

) dt ) =

Z

1

0

e

� �t

P

t

( x; A ) dt

i) A �rst step is to pro v e that �P

t

= � for all t if and only if �U

1

= � . The non trivial direction
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is ( =. The pro of starts from the resolv en t equation (see [Ch u 82, p.83])

U

�

= U

�

+ ( � � � ) U

�

U

�

= U

�

+ ( � � � ) U

�

U

�

for all � > 0, � > 0. In particular for � � 1

U

1

= U

�

+ U

1

I

� � 1

U

�

where I

� � 1

is a m ultiplication k ernel. Assume �U

1

= � , and � � 1; consider sets � 2 E with

� (�) < 1 . Then U

�

( x; �) � U

1

( x; �) and th us �U

�

(�) < 1 ; this giv es

� (�) = �U

�

(�) + ( � � 1) �U

�

(�) = ��U

�

(�) 8 � � 1 :

In tegrating the l.h.s with resp ect to the probabilit y la w �e

� �t

dt giv es

�U

�

(�) =

Z

1

0

e

� �t

� (�) dt:

Since �U

�

(�) =

R

1

0

e

� �t

�P

t

(�) dt b y de�nition, w e get

8 � � 1 :

Z

1

0

e

� �t

�P

t

(�) dt =

Z

1

0

e

� �t

� (�) dt:

On op en subsets of (0 ; 1 ), Laplace transforms c haracterize the underlying measures on (0 ; 1 )

uniquely , th us �P

t

(�) = � (�) for � -almost all t � 0 (with notation � for Leb esgue measure).

Since X is strongly Mark o v, t ! P

t

(�) is con tin uous, and so w e ha v e �P

t

(�) = � (�) for all t � 0.

ii) Let X denote a discrete-time Mark o v c hain with one-step transition k ernel U

1

: this means

that the con tin uous-time pro cess X is observ ed at the jump times of an indep enden t P oisson

pro cess with rate 1 (a t ypical reasoning in order to transfer results a v ailable in discrete time to

the con tin uous-time setting). By i), a � -�nite measure � is th us in v arian t for X = ( X

t

)

t � 0

if and

only if it is in v arian t for X = ( X

n

)

n � 0

.

iii) F ollo wing Harris (see [Har 56]), the discrete time c hain X = ( X

n

)

n � 0

is called Harris recurren t

if there is some � -�nite measure m on ( E ; E ) suc h that

(+) m ( A ) > 0 = ) 8 x 2 E : P

x

 

1

X

n =1

1

A

( X

n

) = 1

!

= 1 :

Replacing the random v ariable in (+) b y its exp ectation, the follo wing we aker prop ert y

(++)

"

9 x :

1

X

n =1

( U

1

)

n

( x; A ) = 0

#

= ) m ( A ) = 0

9



w as used b y F oguel; he sho w ed ([F og 66, thm. 4]) that (++) implies the existence of a � -�nite

subin v arian t measure � for ( X

n

)

n

whic h is dominating m :

�U

1

� � ; m < < � :

iv) Note that w e ha v e

1

X

n =1

( U

1

)

n

( x; A ) =

Z

1

0

P

t

( x; A ) dt

since

( U

1

)

n

( x; A ) =

Z

1

0

e

� t

t

n � 1

( n � 1)!

P

t

( x; A ) dt :

The con tin uous-time pro cess X = ( X

t

)

t � 0

is b y assumption Harris recurren t, so this equalit y

sho ws that the discrete-time c hain ( X

n

)

n

has the prop ert y (++). By [F og 66], there is a � -�nite

subin v arian t measure � for U

1

whic h is dominating m . Again b y Harris recurrence of ( X

t

)

t � 0

,

for sets A 2 E meeting m ( A ) > 0 and (w.l.o.g.) � ( A ) < 1 , w e ha v e

8 x :

1

X

n =1

( U

1

)

n

( x; A ) = 1

together with �nite b ounds

Z

( � � �U

1

)( dx )

N

X

n =1

( U

1

)

n

( x; A ) = �U

1

( A ) � � ( U

1

)

N +1

( A ) � � ( A ) < 1

not dep ending on N : for � subin v arian t, this implies

� = �U

1

:

Hence � is in v arian t for ( X

n

)

n

and b y ii) also in v arian t for X = ( X

t

)

t � 0

.

v) F or the remaining parts of the pro of w e refer to [A-D-R 69]: � of iv) is the only in v arian t

measure for X , � is equiv alen t to mU

1

, and the prop ert y ( � ) in 1.1 holds with in v arian t measure

� in place of m . 2

The ab o v e argumen t follo wing [A-D-R 69] did not pro v e the discrete time c hain X = ( X

n

)

n � 0

to

b e Harris if X = ( X

t

)

t � 0

is Harris, establishing only the w eak er prop ert y (++) . The equiv alence

of b oth prop erties is pro v ed in the next theorem; here w e will mak e use of the somewhat simpler

criterion ( � ) b elo w to c hec k Harris recurrence of a con tin uous time pro cess.

10



1.3 Prop osition: (cf. Revuz-Y or [R-Y 91, pp. 395-396]) If X = ( X

t

)

t � 0

is strongly Mark o v

with inv arian t measure m and if

( � ) m ( A ) > 0 = ) 8 x 2 E : P

x

�

lim sup

t !1

1

A

( X

t

) = 1

�

= 1 ;

then ( � ) of 1.1. holds, and X is Harris.

Pro of : Consider A 2 E with m ( A ) > 0; put B

t

=

R

t

0

1

A

( X

s

) ds , t � 0, and �

"

= inf f t : B

t

> " g .

m b eing in v arian t for X , w e ha v e E

m

( B

1

) = m ( A ), so there is some " > 0 with P

m

( B

1

> " )

strictly p ositiv e, hence

m f x : P

x

( �

"

< 1 ) > a g > 0

for some a > 0. Prop ert y ( � ) then implies

lim sup

t !1

P

X

t

( �

"

< 1 ) � a > 0 P

x

-a.s. for all x 2 E :

W rite Y

t

:= 1

f t + �

"

� #

t

< 1g

. F or all x 2 E , P

X

t

( �

"

< 1 ) is a v ersion of E

x

( Y

t

jF

t

) . As t ! 1 ,

Y

t

con v erges to Y := 1

\

t

f t + �

"

� #

t

< 1g

whic h is F

1

-measurable. A corollary to classical martingale

theorems ([R-Y 91, cor. I I.2.4]) then sho ws

lim

t !1

P

X

t

( �

"

< 1 ) = Y � a > 0 P

x

-a.s. for all x 2 E :

But Y is the indicator of a set, th us \

t

f t + �

"

� #

t

< 1g = 
 P

x

-a.s. for all x 2 E . This implies

f B

1

= 1g = f

R

1

0

1

A

( X

s

) ds = 1g = 
 P

x

-a.s. for all x 2 E , whic h is ( � ) of 1.1. 2

W e resume the discussion of Harris prop erties.

1.4 Theorem: The assumption

(H1): X = ( X

t

)

t � 0

is Harris with in v arian t measure �

is equiv alen t to an y of the follo wing prop erties (H2) or (H2

�

), 0 < � < 1 :

(H2): X = ( X

�

n

)

n � 0

is Harris, with �

n

� �

n � 1

i.i.d exp (1)-w aiting times indep enden t of X

(H2

�

): X

�

= ( X

�

n

)

n � 0

is Harris, with �

n

� �

n � 1

i.i.d exp ( � )-w aiting times indep enden t of X

where w e put �

0

= �

0

= 0, and where the in v arian t measure for X or X

�

is � .

Pro of: W e �x 0 < � < 1 . By prop osition 1.3, (H2

�

) implies (H1); w e pro v e the con v erse.

Lift X to a standard extension (


0

; A

0

; I F

0

= ( F

0

t

)

t � 0

; ( P

0

x

)

x 2 E

) of (
 ; A ; I F = ( F

t

)

t � 0

; ( P

x

)

x 2 E

),

11



with shifts again denoted b y ( #

t

)

t � 0

, on whic h X is strongly Mark o v and where �

n

� �

n � 1

, n � 1,

are i.i.d exp ( � )-w aiting times indep enden t of X .

(This is done as follo ws: let 


00

denote the space of all functions f : I R

+

! I N

0

whic h are

c� adl� ag, piecewise constan t, with jumps only of heigh t +1 and f (0) = 0, equipp ed with � -�eld

and �ltration generated b y the co ordinate pro jections �

t

( !

00

) = !

00

( t ): A

00

= � ( �

t

: t � 0),

I F

00

= ( F

00

t

)

t � 0

, F

00

t

= � ( �

s

: 0 � s � t ). Then I F

00

is righ t-con tin uous. W e tak e P

00

the unique

la w on (


00

; A

00

) under whic h the canonical pro cess ( �

t

)

t

is a P oisson pro cess with parameter � .

Then 


0

:= 
 � 


00

, A

0

:= A
A

00

, F

0

t

= F

t


F

00

t

, P

0

x

:= P

x


 P

00

is the desired extension, w e tak e

X ( !

0

) := X ( ! ), � ( !

0

) := � ( !

00

) if !

0

= ( !

00

; ! ), and ( �

n

)

n

the sequence of jump times of � .)

On (


0

; A

0

; I F

0

; ( P

0

x

)

x 2 E

), w e de�ne pro cesses

N =

0

@

X

n � 1

1

f X

�

n

2 A g

1

[[ �

n

; 1 [[

( t )

1

A

t � 0

;

^

N =

�

Z

t

0

� 1

A

( X

s

) ds

�

t � 0

where A 2 E is �xed. Then N �

^

N is a ( I F

0

; P

0

x

)-martingale for ev ery x 2 E . Using Lepingle ([Le

78]), w e kno w that N

t

increases to 1 P

0

x

-a.s. on the ev en t f lim

t !1

^

N

t

= 1g . But this ev en t

equals f

R

1

0

1

A

( X

s

) ds = 1g . If X = ( X

t

)

t � 0

is Harris with in v arian t measure � , then � ( A ) > 0

implies P

0

x

� R

1

0

1

A

( X

s

) ds = 1

�

= 1 for all x 2 E : so P

0

x

-a.s. for all x 2 E , ( X

�

n

)

n

visits the set

A in�nitely often. 2

Con v en tion: F rom no w on w e assume thr oughout this note that X = ( X

t

)

t � 0

is Harris recurren t

with in v arian t measure � .

1.5 De�nition: An additive functional of X is a pro cess A = ( A

t

)

t � 0

with the prop erties

(i) A is I F -adapted, A

0

� 0;

(ii) all paths of A are nondecreasing and righ t-con tin uous;

(iii) for ev ery x 2 E and for all s; t � 0, w e ha v e A

t + s

= A

t

+ A

s

� #

t

P

x

� a : s : .

See Revuz-Y or ([R-Y 91, p.371, p.78]). Examples of additiv e functionals of X are

A

t

=

Z

t

0

g ( X

s

) ds

12



for g � 0 b ounded measurable, or coun ting pro cesses based on the p oin t pro cess of jumps of X

�

X

=

X

s> 0: j � X j

s

> 0

�

( s;X

s �

;X

s

)

where �

a

is Dirac measure sitting in a , or (suitable v ersions of ) lo cal time in case where X is a

one-dimensional di�usion. F or ev ery additiv e functional A of X , f ( t ) := E

�

( A

t

) is linear in t , and

�

A

( B ) := E

�

(

Z

1

0

1

B

( X

s

) dA

s

) =

1

t

E

�

(

Z

t

0

1

B

( X

s

) dA

s

) ; B 2 E

de�nes a measure �

A

on ( E ; E ). The additiv e functional A is termed inte gr able if

k �

A

k := �

A

( E ) = E

�

( A

1

)

is �nite. As an immediate consequence of this de�nition, w e note

1.6 Remark: a) F or A = id (i.e. A

t

= t , t � 0), the measure �

id

( B ) = � ( B ) ; B 2 E , is the

in v arian t measure � for X .

b) F or A

t

=

R

t

0

1

A

0

( X

s

) ds , A

0

2 E , w e ha v e �

A

= � ( � \ A

0

) and th us k �

A

k = � ( A

0

) :

W e quote the ratio limit theorem (RL T) for additiv e functionals of X .

1.7 Ratio Limit Theorem: ([A-D-R 69]) F or additiv e functionals A; B of X , 0 < k �

B

k < 1 ,

(i) lim

t !1

E

x

( A

t

)

E

x

( B

t

)

=

k �

A

k

k �

B

k

� � a.s. (with exceptional set dep ending on A , B ),

(ii) lim

t !1

A

t

B

t

=

k �

A

k

k �

B

k

P

x

� a.s. 8 x .

W rite ( R

�

)

�> 0

for the resolv en t of X :

( R

�

f ) ( x ) = E

x

�

Z

1

0

e

� �t

f ( X

s

) ds

�

; � > 0 :

Then the RL T for additiv e functionals of X implies a RL T for resolv an ts of X as � ! 0.

1.8 Corollary: F or f , g nonnegativ e, E -measurable, 0 < � ( f ) < 1 ,

lim

� ! 0

( R

�

g ) ( x )

( R

�

f ) ( x )

=

� ( g )

� ( f )

� -a.s. (with exceptional set dep ending on f and g ).
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Pro of: It is su�cien t to consider f ; g with 0 < � ( f ) ; � ( g ) < 1 . By partial in tegration, write

( R

�

g ) ( x ) =

Z

1

0

�e

� �t

E

x

( A

g

t

) ds

with A

g

t

=

R

t

0

g ( X

s

) ds . By Harris recurrence, E

x

( A

g

t

) increases to 1 as t ! 1 , for all x 2 E ,

th us ( R

�

g ) ( x ) increases to 1 as � # 0. F or �xed t

0

arbitrarily large, w e ha v e

( R

�

g ) ( x ) = o (1) +

Z

1

t

0

�e

� �t

E

x

( A

g

t

) ds ; � # 0

whereas b y the RL T for additiv e functionals, there is some � -n ull set N

f ;g

suc h that

E

x

( A

g

t

)

E

x

( A

f

t

)

con-

v erges to

� ( g )

� ( f )

as t ! 1 for all x =2 N

f ;g

. Both argumen ts com bined sho w 1.8. 2

In some cases, w e ha v e naturally a decomp osition of the tra jectory of X in to i.i.d. excursions

a w a y from some recurren t atom - t w o examples are giv en b elo w, t w o others at the end of this

section. In some cases, Nummelin's splitting tec hnique ([Num 78], see section 6) allo ws to in tro-

duce recurren t atoms arti�cially .

1.9.A De�nition: W e call atom for X a set A 2 E suc h that

i) �

A

:= inf f t > 0 : X

t

2 A g and �

A

:= inf f t > 0 : X

t

=2 A g are I F -stopping times;

ii) for x 2 A , L ( X

�

A

j X

0

= x ) =: �

A

do es not dep end on x 2 A .

An atom A is called r e curr ent if P

x

-a.s. for all x 2 A : 8 N 9 t > N with X

t

2 A .

Examples: a) Consider the one-dimensional Ornstein-Uhlen b ec k di�usion dX

t

= � aX

t

dt + dW

t

with a � 0. The pro cess is Harris (tak e m the Leb esgue measure in 1.1), A = f 0 g is a recurren t

atom, with �

A

the Dirac measure at 0.

b) Fix some measurable function � on I R taking v alues in some in terv al [ a; b ], 0 < a < b < 1 ,

de�ne a transition probabilit y � ( � ; � ) on ( I R ; B ( I R )) b y

� ( x; � ) := N ( x � x

0

; 1) if x > x

0

; � ( x; � ) := N (0 ; 1) if x � x

0

with x

0

� 0. Consider the Mark o v step pro cess X = ( X

t

)

t � 0

ha ving exp onen tial holding times

with parameter � ( x ) in states x 2 I R , and successor states for x selected according to � ( x; � ). This

pro cess is Harris (sets of p ositiv e Leb esgue measure will b e visited in�nitely often in the sense of

1.1) and admits A = ( �1 ; x

0

] as a recurren t atom, with �

A

giv en b y N (0 ; 1) conditioned on A

c

,

14



cf. 1.9.A ii).

T o a recurren t atom, w e can asso ciate a sequence of I F -stopping times ( R

n

)

n

whic h decomp ose -

b y the strong Mark o v prop ert y - the path of X in to i.i.d excursions [ [ R

i

; R

i +1

[ [, i = 1 ; 2 ; ::: , plus

an initial segmen t [ [0 ; R

1

[ [.

1.9.B De�nition: A life cycle de c omp osition of X asso ciated to a recurren t atom A is a sequence

( R

n

)

n

of I F -stopping times increasing to 1 ( R

0

� 0) suc h that P

x

-a.s. for ev ery x 2 E :

i) 8 n � 1: R

n

< 1 and R

n

= R

n � 1

+ R

1

� #

R

n � 1

;

ii) 8 n � 1: ( X

R

n

+ t

)

t � 0

is indep enden t of F

R

�

n

with L ( X

R

n

) = �

A

where �

A

is giv en in 1.9.A (th us a.s. all R

n

, n � 1, are times where the pro cess le aves A ).

Examples: a) In the Ornstein-Uhlen b ec k example a) ab o v e, one ma y tak e

R

1

:= inf f t > S

0

: X

t

= 0 g

where S

0

is an indep enden t exp onen tial time. One ma y tak e as w ell

R

1

:= inf f t > S

0

: X

t

= 0 g with S

0

:= inf f t > 0 : j X

t

j � 1 g

or more generally S

0

:= inf f t > 0 : X

t

2 B g where B 2 B ( I R ) has p ositiv e Leb esgue measure and

do es not in tersect some " -neigh b ourho o d of 0, " > 0. There are i.g. man y w a ys to de�ne stopping

rules R

1

meeting 1.9.B.

b) An y atom with � ( A ) > 0 is a recurren t atom. In this case one ma y tak e

R

1

:= inf f t > S

0

: X

t

=2 A g

where S

0

is an exp onen tial w aiting time sp en t in the atom A . In particular, this applies to the

Mark o v step pro cess example b) ab o v e.

1.10 Prop osition: If X has a recurren t atom A , then for ev ery life cycle decomp osition ( R

n

)

n

asso ciated to A :

a) the in v arian t measure � (unique up to constan t m ultiples) is giv en b y

� ( A

0

) = cst E (

Z

R

2

R

1

1

A

0

( X

s

) ds ) ; A

0

2 E

15



b) X is p ositiv e recurren t if and only if E ( R

2

� R

1

) < 1 .

Pro of: Consider additiv e functionals A , B , with 0 < k �

B

k < 1 . Then b y SLLN

lim

t !1

A

t

B

t

= lim

n !1

A

R

n

n

B

R

n

n

=

E ( A

R

2

� A

R

1

)

E ( B

R

2

� B

R

1

)

P

x

-a.s. 8 x:

The RL T yields

lim

t !1

A

t

B

t

=

k �

A

k

k �

B

k

P

x

-a.s. 8 x

whic h together giv e

k �

A

k = cst E ( A

R

2

� A

R

1

)

up to some constan t whic h do es not dep end on A . Considering in particular A

t

=

R

t

0

1

A

0

( X

s

) ds ,

A

0

2 E , assertion a) follo ws from 1.6.b); then � has �nite total mass i� E ( R

2

� R

1

) < 1 . 2

W e end this section with t w o more examples illustrating de�nition 1.9.A.

1.11 Example: The pro cess X = ( X

t

)

t

under consideration is of the follo wing t yp e: piecewise on

suitable random in terv als, the �rst comp onen t X

1

is a Bro wnian motion; the second comp onen t

X

2

attributes 'colours' 0 or 1 to the tra jectory of X

1

; this colour is initially 0, later c hanges to

1, �nally a jump o ccurs in the �rst comp onen t; this jump time is a renew al time for the pro cess,

th us ' I R coloured 1' will b e an atom for X .

a) Prepare on some (
 ; F ; I F ; P ) a real v alued I F -Bro wnian motion and a I F -standard P oisson

pro cess N , indep enden t and b oth starting from 0. De�ne a transition probabilit y K ( � ; � ) on

E = I R � f 0 ; 1 g as follo ws:

K (( x; 0) ; � ) := �

x




�

1

2

�

0

+

1

2

�

1

�

; K (( x; 1) ; � ) := � 
 �

0

; x 2 I R

for some �xed probabilit y la w � on ( I R ; B ( I R )), and �

a

the Dirac measure at a . Let ( T

j

)

j

denote

the sequence of jump times of N . The pro cess X is constructed as follo ws: �rst, put

X

s

= ( B

s

; 0) ; 0 � s < T

1

;

then successiv ely for j � 1, select X

T

j

according to K ( X

T

�

j

; � ), and put

X

s

=

�

X

1

T

j

+ ( B

s

� B

T

j

) ; X

2

T

j

�

; T

j

� s < T

j +1

:
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The resulting pro cess X is de�ned i.g. on an extension of the original (
 ; F ; I F ; P ). On this

extension, let I F

X

denote the �ltration generated b y X : F

X

t

= \

r >t

� ( X

s

: 0 � s � r ), t � 0.

Then X is strongly Mark o v w.r.t. I F

X

, with P olish state space, and is Harris (tak e m in 1.1 suc h

that its restriction to I R � f 0 g and I R � f 1 g is Leb esgue measure on I R ).

X admits A = I R � f 1 g as recurren t atom with �

A

= � 
 �

0

, and the rule

R

1

:= inf f T

j +1

: j � 1 ; X

T

j

2 A g

generates a life cycle decomp osition ( R

n

)

n � 1

for X according to 1.9.A+B.

Note that ( X

R

n

+ t

)

t � 0

is indep enden t of F

X

R

�

n

, but not of F

X

R

n

.

b) A more general v arian t of the example in a) could b e form ulated using suitable p osition de-

p enden t killing of X at rate � ( � ) | if X is in p osition ( x; 0) at time t , colour will switc h to 1 in

a small time in terv al ( t; t + h ] with probabilit y � ( x ) h + o ( h ) | instead of killing at constan t rate

1 as ab o v e.

1.12 Example: Consider a Mark o v step pro cess ( X

t

)

t � 0

with P olish state space ( E ; E ), Harris

recurren t, with exp ( � ( x ))-distributed holding times in states x 2 E ( � is measurable and tak es

v alues in [ a; b ], 0 < a < b < 1 ), and with successor states for x selected according to a transi-

tion probabilit y � ( � ; � ) on ( E ; E ). In general, X will not ha v e a recurren t atom. Let ( T

j

)

j

denote

the sequence of jump times of X . Since � is b ounded and b ounded a w a y from 0, also ( X

T

j

)

j

is

Harris with one-step transition probabilit y � (compare with the completely di�eren t situation

in Pro of of 1.2, steps ii) and iii)). Let us assume that � ( � ; � ) satis�es Nummelin's minorization

condition (M) with k = 1, see [Num 78]. Then Nummelin's splitting tec hnique applied to ( X

T

j

)

j

yields a represen tation of ( X

t

)

t � 0

as �rst comp onen t of a 'split' pro cess ( X

�

t

)

t � 0

with state space

E

�

= E � f 0 ; 1 g suc h that X

�

is again Harris and admits a recurren t atom A

�

� E

�

. See section 6.
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2 Stable increasing pro cesses and Mittag-Le�er pro cesses

In this section, w e collect some main facts ab out one-sided stable la ws, their domains of attraction,

stable increasing pro cesses and their pro cess in v erse called Mittag-Le�er pro cesses. The main

references are F eller ([F e 71]) and Bingham-Goldie-T eugels ([B-G-T 78]). F or regularly v arying

functions and their prop erties, w e refer alw a ys to [B-G-T 78].

2.1 De�nition: A mesurable function ` : (0 ; 1 ) ! (0 ; 1 ) is slow ly varying at 1 if

lim

x !1

` ( �x )

` ( x )

= 1 8 � > 0 :

The class of slo wly v arying functions is denoted b y R V

0

. A mesurable function r : (0 ; 1 ) ! (0 ; 1 )

is r e gularly varying at 1 if it is of form

r ( x ) = ` ( x ) � x

%

; x > 0 ; ` 2 R V

0

; % 2 I R ;

where % is termed index of regular v ariation. The class of functions v arying regularly at 1 with

index % is denoted b y R V

%

, % 2 I R , and R V is the class of regularly v arying functions with arbi-

trary index.

These notions go bac k to Karamata, ab out 1930. Examples of slo wly v arying functions are

` ( x ) = log ( x ) and its iterates log

m

( x ); with ` ( � ) also

1

` ( � )

is slo wly v arying. W e men tion that

for r 2 R V

%

, the con v ergence

r ( �x )

r ( x )

! �

%

as x ! 1 is (at least) uniform in � 2 K for arbitra y

compacts K con tained in (0 ; 1 ), see [B-G-T 78, thm. 1.5.2].

2.2 De�nition: A probabilit y la w F on ( I R ; B ( I R )) is called (strictly) stable if

L ( X

1

+ : : : + X

k

) = L ( a

k

X ) ; k 2 I N

for ( X

n

)

n � 1

i.i.d. with L ( X

1

) = F and for suitable c hoice of a norming sequence ( a

k

)

k

.

The w ord 'strictly' will b e omitted in the sequel.

2.3 Theorem: ([F e 71, XI I I.6]) F or 0 < � < 1 the function '

�

( � ) = e

� �

�

is the Laplace trans-

form of a probabilit y la w G

�

with the prop erties

i) G

�

is concen trated on (0 ; 1 );
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ii) G

�

is stable and a

n

= n

1 =�

;

iii) 1 � G

�

( x ) �

x

� �

�(1 � � )

( x ! 1 ) :

G

�

is called the one sided stable la w of index � , 0 < � < 1.

Domains of attraction of G

�

, 0 < � < 1, are c haracterized as follo ws.

2.4.A Theorem: ([F e 71, XI I I.6]) Consider a probabilit y la w F concen trated on I R

+

, a norming

sequence ( a

n

)

n

, and a probabilit y la w G on [0 ; 1 ) whic h is not a Dirac measure.

a) Assume w eak con v ergence of rescaled con v olutions:

( � ) F

� n

( a

n

x ) ! G ( x ) ( n ! 1 )

at all con tin uit y p oin ts of G . Then there is some 0 < � < 1 and some ` 2 R V

0

suc h that

( �� ) 1 � F ( x ) �

x

� �

` ( x )

�(1 � � )

( x ! 1 ) :

b) If the tails of F satisfy ( �� ) for some 0 < � < 1 and some ` 2 R V

0

, then ( � ) holds with G = G

�

and a

n

= a ( n ) where a ( � ) is an asymptotic in v erse to

t 7!

1

�(1 � � )(1 � F ( t ))

2 R V

�

;

i.e. n � ` ( a

n

) � a

�

n

as n ! 1 .

There is a case � = 1, co v ering the SLLN and more generally 'relativ e stabilit y' in the termi-

nology of Bingham, Goldie and T eugels [B-G-T 87]. In 2.4.A, limit distributions G concen trated

at one p oin t in (0 ; 1 ) w ere excluded. W rite G

1

for the Dirac measure sitting at 1; ob viously G

1

meets 2.2 with a

n

= n . Domains of attraction of G

1

are as follo ws.

2.4.B Theorem: ([B-G-T 87, 8.8]) Consider a probabilit y la w F concen trated on I R

+

, with

r ( t ) :=

Z

t

0

(1 � F ( u )) du "

Z

1

0

xF ( dx ) � 1 ;

and a norming sequence ( a

n

)

n

. Then w eak con v ergence

( � ) F

� n

( a

n

� ) ! G

1

( � ) ( n ! 1 )
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is equiv alen t to

( �� ) r 2 R V

0

:

Under ( �� ), ( � ) holds with a

n

= a ( n ) where a ( � ) is an asymptotic in v erse to

t 7!

t

r ( t )

2 R V

1

;

i.e. n � r ( a

n

) � a

n

as n ! 1 .

As a consequence of 2.4.A and 2.4.B, there are no other stable la ws concen trated on (0 ; 1 ) except

G

�

, 0 < � � 1 (up to scaling b y a constan t).

2.5 De�nition: A stable incr e asing pr o c ess of index � , 0 < � < 1, is a pro cess X with the

follo wing prop erties:

i) all paths of X are c� adl� ag and nondecreasing, and X

0

� 0 ;

ii) X is a PI IS (indep enden t and stationary incremen ts) with E ( e

� �X

t

) = e

� t�

�

, � � 0, t � 0.

W e write S

�

for the stable increasing pro cess of index � , 0 < � < 1. Note that i)+ii) of 2.5 de�ne

a unique probabilit y la w on the Sk oroho d space D ( I R

+

; I R ) with Borel- � -�eld D and canonical

�ltration IG . De�ned on a suitable sto c hastic basis (e.g. on ( D ; D ; I G )), S

�

is necessarily a F eller

pro cess and th us strongly Mark o v. In 2.7 b elo w w e will giv e a construction of S

�

. Note that b y

de�nition, almost all paths t ! S

�

t

increase to 1 as t ! 1 and do not ha v e 
ats.

2.6 De�nition: F or 0 < � < 1, the pro cess in v erse of S

�

W

�

t

:= inf f s > 0 : S

�

s

> t g ; t � 0

is a pro cess W

�

with W

�

� 0, nondecreasing, ha ving almost all paths con tin uous and increasing

to 1 as t ! 1 . W

�

is called Mittag-L e�er pr o c ess of index � .

In the sequel, w e shall alw a ys use v ersions of S

�

where all paths t ! S

�

t

increase to 1 as t ! 1

and do not ha v e 
ats, and v ersions of W

�

ha ving all paths con tin uous and increasing to 1 as

t ! 1 . W e shall also need a de�nition of S

�

and W

�

for � = 1: w e tak e S

1

= W

1

= id , the
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deterministic pro cess.

In order to prepare for the essen tial p oin t in the limit theorems of section 3 (the indep endence of

Bro wnian motion and stable pro cess in v olv ed in the limit, see 4.12 and 4.21 b elo w), w e discuss

in detail the structure of the stable increasing pro cess S

�

.

2.7 Remark: (see Ito-McKean [I-MK 65, p.32]) Let � ( dt; dx ), t 2 I R

+

, x 2 I R

+

denote Poisson

r andom me asur e (PRM) on some (
 ; A ; P ) with in tensit y � ( dt; dx ) = dt m ( dx ) ;

m ( dx ) :=

c� 1

(0 ; 1 )

( x )

�(1 � � ) x

� +1

dx:

By de�nition (e.g. [I-W 89, I.8]), P oisson random measure � ( dt; dx ) is an in teger-v alued random

measure on I R

+

� I R

+

, c haracterized b y the prop erties:

i) for F 2 B ( I R

+

) 
 B ( I R

+

): the r.v. � ( F ) has P oisson la w with parameter � ( F );

ii) for pairwise disjoin t sets F

1

: : : ; F

n

2 B ( I R

+

) 
 B ( I R

+

), � ( F

1

) ; : : : ; � ( F

n

) are indep enden t.

De�ne

S

t

:=

Z

t

0

Z

(0 ; 1 )

x� ( ds; dx ) ; t � 0 :

Up to the scaling factor c , this giv es a v ersion of the stable increasing pro cess S

�

with

E ( e

� �S

t

) = e

� ct�

�

; � � 0 ; t � 0 :

This is seen as follo ws: Appro ximate the pro cess X

t

:= e

� sS

t

b y

X

n

t

:= e

� s

n � 2

n

P

k =1

R

t

0

R

(

k � 1

2

n

;

k

2

n

]

k � 1

2 n

� ( ds;dx )

:

Then X

n

t

# X

t

; n ! 1 : By indep endence of �

�

(0 ; t ] � (

k � 1

2

n

;

k

2

n

]

�

for k = 1 ; :::; n 2

n

, w e see

E ( e

� sS

t

) = lim

n

E ( X

n

t

)

= lim

n

n � 2

n

Y

k =1

E

h

e

� s

k � 1

2

n

�

(

(0 ;t ] � (

k � 1

2

n

;

k

2

n

]

)

i

= lim

n

e

t

n � 2

n

P

k =1

m

(

(

k � 1

2

n

;

k

2

n

]

)

�

�

e

� s

k � 1

2

n

� 1

�

n !1

� ! e

� t

R

(0 ; 1 )

(1 � e

� sx

) m ( dx )

= e

� cts

�

where b y partial in tegration

Z

(0 ; 1 )

(1 � e

� sx

) m ( dx ) =

Z

(1 � e

� sx

) �x

� � � 1

dx �

c

�(1 � � )

= c � s

�

:
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Indep endence and stationarit y of the incremen ts of S follo w directly from the corresp onding

prop erties of PRM. W e pro v e that S

t

< 1 for all t � 0, a.s.. Con tribution of small jumps

R

t

0

R

(0 ; 1]

x� ( dt; dx ) is summable a.s. since 0 < � < 1 implies

Z

t

0

Z

(0 ; 1]

x� ( dt; dx ) = t �

Z

1

0

�x

� �

dx �

c

�(1 � � )

< 1 :

There are only �nitely man y big jumps o v er �nite time in terv als: � ((0 ; t ] � [1 ; 1 )) < 1 a.s. since

� ((0 ; t ] � [1 ; 1 )) = t �

Z

1

1

�x

� � � 1

dx �

c

�(1 � � )

< 1 :

Th us N

c

:= f ! 2 
 : S

n

( ! ) < 1 8 n g is a set of full measure, and paths of S are righ t-con tin uous

and nondecreasing on N

c

. Moreo v er P ( S

t + h

= S

t

) = P ( � (( t; t + h ] � (0 ; 1 )) = 0) = 0 ; so paths

of S a.s. do not ha v e 
ats. S b eing a PI IS, the paths of S a.s. increase to 1 . Mo difying the paths

of S on a set of measure 0, w e get all path prop erties required in 2.5. 2

2.8 Remark: ([F e 71, p.453]) F or 0 < � < 1, W

�

t

has Laplace transform

 

t

( � ) =

1

X

n =0

( � � )

n

�(1 + n� )

t

n�

and th us admits �nite momen ts of arbitrary order n � 1

m

n

( t ) =

n !

�(1 + n� )

t

n�

:

Note also that P ( W

�

t

� x ) = P ( S

�

x

> t ) = 1 � P ( S

�

x

� t ) = 1 � F

�

t

x

1 =�

�

where F is the

distribution function of of S

�

1

. Using the last expression one has

L ( W

�

1

) = L

�

( S

�

1

)

� �

�

;

this represen tation of the Mittag-Le�er la w app ears e.g. in Khasminskii [Has 80, Ch. IV.11].

2.9 Remark: F or � =

1

2

, stable increasing pro cess S

1 = 2

and Mittag-Le�er pro cess W

1 = 2

o ccur in

w ell kno wn connection with one-dimensional Bro wnian motion. First, b y [R-Y 91, p. 76, p.102],

the pro cess of lev el crossing times of Bro wnian motion is equal in la w to 2 S

1 = 2

. The pro cess

in v erse to 2 S

1 = 2

is

1

p

2

W

1 = 2

. Th us

1

p

2

W

1 = 2

is equal in la w to the maxim um pro cess of Bro wnian

motion, or to lo cal time of Bro wnian motion in 0 with c hoice of norming constan t suc h that lo cal

time is an o ccupation time densit y: see [R-Y 91, p. 223, p. 207-209].
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3 The main theorem

In this section, w e state the main theorem on w eak con v ergence of inte gr able additiv e functionals

and lo cal martigales whose predictable quadratic v ariation is an inte gr able additiv e functional of

the Harris pro cess X (the in tegrabilit y assumption is crucial and in n ull recurren t cases indeed a

restrictiv e condition).

The theorem has a long history . A k ey argumen t for one direction of the pro of is the clas-

sical Darling-Kac theorem ([D-K 57]) on necessary conditions for con v ergence in la w of (one-

dimensional marginals of ) additiv e functionals of X . In the other direction, the pro of relies on a

pap er b y Green w o o d and Resnic k ([R-Gr 79]) who study w eak con v ergence of biv ariate random

w alks where one comp onen t is attracted to a Gaussian and the other to a stable limit pro cess,

with strong reference to P . L � evy . In a highly in teresting but unfortunately nev er published pap er,

T ouati ([T ou 88]) ga v e the theorem in v ery general form (general state space, Nummelin splitting

applied to con tin uous time, and a v oiding restrictiv e Darling-Kac conditions; a gap left w as the

case of relativ e stabilit y whic h w as ignored there, and some lines of argumen t { namely for Num-

melin splitting in con tin uous time { whic h seem problematic). T ouati's argumen ts relied hea vily

on semimartingale theory and w eak con v ergence of pro cesses in the sense of the b o ok Jaco d and

Shiry aev ([J-Sh 87]). F or related w ork, see [Bin 71], [B-G-T 87, c h. 8.11]; see Khasminskii [Has

80, c h. IV.10-11] for one-dimensional di�usions; a note on Mark o v step pro cesses with coun table

state space (where things are m uc h simpler) w as [H

•

o 88].

One application of this theorem is in a con text of lo cal asymptotic statistics where con v ergence of

the score function martingale is essen tial for con v ergence of statistical exp erimen ts (w eak con v er-

gence of �ltered statistical exp erimen ts to Gaussian or Mixed Gaussian limit mo dels), or simply

when con v ergence of e.g. maxim um lik eliho o d estimators is considered: see [Lu 92], [Lu 94], [Lu

95] for general semimartingale mo dels, see [H-J-L 90], [H

•

o 90 a, b], [H

•

o 93 a, b] for Mark o v step

pro cesses, [L

•

o 97], [L

•

o 99 a-c] for systems of di�using particles with branc hing and killing; for

ergo dic di�usions, see the forthcoming b o ok of Kuto y an ts [Ku 01]; there seem to b e relativ ely few

cases of mo dels for n ull recurren t di�usions where the ab o v e in tegrabilit y condition indeed holds,

see [H-K 01] for an example. It is in teresting to note that 'martingale con v ergence theorems'

t ypically can not deal with general n ullrecurren t cases (the reason is that martingale con v ergence

theorems need con v ergence in probabilit y of angle brac k etts; in most n ull recurren t cases there is
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only con v ergence in la w).

The section is organized as follo ws. In subsection 3.1, w e state the theorems in case where the

Harris pro cess X has life cycles. Subsection 3.2 is dev oted to examples. Subsection 3.3 states the

theorems for general Harris pro cesses where no life cycles exist. All pro ofs will b e p ostp oned to

sections 4, 5, 7.

3.1 Pro cesses with life cycles

If X has life cycles, the main result is theorem 3.1 together with its corollaries 3.2 and 3.3.

The 'su�cien t part' of the assertion (regular v ariation of tails of life cycle length distribution

implies w eak con v ergence of normed and linearly time-scaled martingales or additiv e functionals

to suitable con tin uous limit pro cesses) will b e pro v ed in section 4 b elo w (see 4.12 and 4.22).

The 'necessary part' (there are no other p ossibilities for w eak con v ergence to con tin uous limit

pro cesses, under linear time-scaling and suitable norming) will b e pro v ed in section 5 (see 5.27).

In this subsection, w e assume the follo wing for the pro cess X :

(H1): X = ( X

t

)

t � 0

is Harris with in v arian t measure � ;

(H3): X has a recurren t atom A 2 E and a life cycle decomp osition ( R

n

)

n � 1

, see 1.9.A + 1.9.B;

(H4): There is some function f , b ounded, nonnegativ e, E -measurable, 0 < � ( f ) < 1 , suc h that

y ! E

y

�

Z

R

1

0

f ( X

s

) ds

�

is b ounded on E ;

b elo w, functions f with this prop ert y will b e called we akly sp e cial for X and R

1

.

W e will describ e at the end of this subsection (see prop osition 3.4 b elo w) a large class of life cycle

decomp ositions ( R

n

)

n

whic h satisfy (H4).

Let M

2 ; lo c

( P

x

; I F ) denote the class of lo cally square in tegrable lo cal ( P

x

; I F )-martingales, c� adl� ag

and with M

0

= 0. Here P

x

is some probabilit y measure on (
 ; A ; I F ) as in the b eginning of section

1. F or M 2 M

2 ; lo c

( P

x

; I F ), the pro cess h M i is (a v ersion of ) the predictable quadratic v ariation
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of M (or angle brac k ett) relativ e to P

x

and I F , and [ M ] is the quadratic v ariation (or square

brac k ett) of M . W e assume that M meets the follo wing assumptions:

(H5

A

): M has the prop ert y

8 y ; 8 s; t : M

t + s

� M

t

= M

s

� #

t

P

y

-a.s. ;

the pro cesses h M i and [ M ] are additiv e functionals of X , and E

�

( h M i

1

) < 1 .

(H5

B

): F or the life cycle decomp osition ( R

n

)

n

of (H3), M satis�es either ( � ):

( � ) M

R

n

is measurable with resp ect to F

R

�

n

, for all n � 1

or the follo wing ( �� ):

( �� ) R

n +1

� R

n

and M � M

R

n

are indep enden t of F

R

n

, for all n � 1 .

Assumption (H5

B

) guaran tees that the martingales under consideration accum ulate indep enden t

and square in tegrable incremen ts o v er life cycles of X . This is not ob vious: for the Harris pro cess

of example 1.11 a), examples of martingales meeting or violating ( � ) or ( �� ) of (H5

B

) will app ear

in 4.27 b elo w.

3.1 Theorem: F or suitable c hoice of a norming function v ( � ) " 1 , consider a rescaled sequence

M

n

:=

 

1

p

v ( n )

M

tn

!

t � 0

;

satisfying the Lindeb erg condition

1

v ( n )

Z

tn

0

Z

j x j

2

1

fj x j >"

p

v ( n ) g

� ( ds; dx ) � ! 0 in P

x

-probabilit y , for all t , all " > 0

where � ( ds; dx ) is the comp ensator of the p oin t pro cess of jumps of M under P

x

.

a) If there is some limit pro cess W = ( W

t

)

t � 0

, with W

0

� 0 and L ( W

1

) not concen trated at 0

suc h that

M

n

L

� ! W

(w eak con v ergence in D ( I R

+

; I R ), under P

x

, as n ! 1 ), then only the follo wing cases can arise:

either W = J

1 = 2

B with standard Bro wnian motion B , and with J 2 (0 ; 1 ) a constan t,
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or W = J

1 = 2

B � W

�

for some 0 < � < 1, where W

�

is a Mittag Le�er pro cess indep enden t of

B , acting as time c hange for the Bro wnian motion: B � W

�

= ( B ( W

�

t

))

t � 0

.

b) One has

M

n

L

� ! J

1 = 2

B ( ) r 2 R V

0

where r is the function

r ( t ) =

Z

t

0

P ( R

2

� R

1

> x ) dx:

In this case, norming function v { up to asymptotic equiv alence { and limiting constan t J are

giv en b y

v ( t ) � t=r ( t ) ; t ! 1 ; J = E ( < M >

R

2

� < M >

R

1

) :

c) F or 0 < � < 1, one has

M

n

L

� ! J

1 = 2

B � W

�

( ) t ! P ( R

2

� R

1

> t ) 2 R V

� �

;

in this case, norming function and limiting constan t are

v ( t ) � (�(1 � � ) P ( R

2

� R

1

> t ))

� 1

; t ! 1 ; J = E ( < M >

R

2

� < M >

R

1

) :

Remark : a) If X is ergo dic, w e ha v e r ( 1 ) = E ( R

2

� R

1

) < 1 and th us

p

n -norming for

martingales M 2 M

2

lo c

:

v ( n ) �

n

E ( R

2

� R

1

)

; n ! 1 :

b) In the ergo dic case, the martingale limit theorem (see [J-Sh 87, VI I I.3.22]) applies and the

assertion of theorem 3.1 could b e deriv ed from it. The same is true in the limiting case of 'rela-

tiv e stabilit y' (n ull recurrence with index � = 1). In n ull recurren t cases with index 0 < � < 1

ho w ev er, w e do not ha v e con v ergence in probabilit y of angle brac k etts of martingales, but only

con v ergence in la w: so a basic assumption needed in martingale con v ergence theorems fails.

3.2 Corollary: In parts b) and c) of theorem 3.1 w e also ha v e the stronger assertion (recall the

con v en tion W

1

= id )

( M

n

; < M

n

> )

L

� !

�

J

1 = 2

B � W

�

; J W

�

�

(w eak con v ergence in D ( I R

+

; I R � I R ), under P

x

, as n ! 1 ).
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W e men tion that the pro of of the 'su�cien t part' in the ab o v e assertions (regular v ariation at 1

of tails of life-cycle length distributions implies w eak con v ergence of rescaled martingales to Bro w-

nian motion or to Bro wnian motion time-c hanged b y an indep enden t Mittag-Le�er pro cess) do es

not need all assumptions made ab o v e. The Lindeb erg condition comes in to pro v e that arbitr ary

w eak limits of sequences of rescaled martingales are again martingales, and that con v ergence of

martingales implies w eak con v ergence of their brac k ett pro cesses. Condition (H4), in tro duced b y

T ouati [T ou 88], is needed to pro v e that regular v ariation of tails of life-cycle length distributions

is necessary for w eak con v ergence: it replaces the original Darling-Kac condition whic h is rather

in tractable (except in simple cases suc h as coun table state space). The follo wing corollary 3.3

reduces to merely notational c hanges in the pro ofs leading to 3.1 and 3.2.

3.3 Corollary: 3.1 and 3.2 remain true for d -dimensional M = ( M

i

)

1 � i � d

2 M

2

lo c

( P

x

; I F )

pro vided

E ( < M

j

>

R

2

� < M

j

>

R

1

) < 1 ; 1 � j � d :

it is su�cien t to replace B b y a d -dimensional standard Bro wnian motion and to tak e

J =

�

J

( i;j )

�

i;j =1 ;:::;d

=

�

E ( < M

i

; M

j

>

R

2

� < M

i

; M

j

>

R

1

)

�

i;j =1 ;:::;d

:

A t the end of this subsection, w e discuss a large class of life cycle decomp ositions whic h satis�es

assumption (H4). F or � ( � ) E -measurable, [0 ; 1]-v alued, � ( � ) > 0, write

b

T

�

for the stopping time

corresp onding to p osition-dep enden t killing of X at rate � : this means that conditionally on the

ev en t that

b

T

�

has not o ccurred up to time t , it will o ccur in a follo wing small time in terv al ( t; t + h ]

will probabilit y � ( X

t

) h + o ( h ), h # 0. If � is of form 1

B

, B 2 E , � ( B ) > 0, w e write for short

b

T

B

and sp eak of killing of X in B at rate 1; if B = E ,

b

T

E

is simply an exp onen tial w aiting time. In

general, killing times are stopping times on an extension of the original (
 ; A ; I F ), but this will

not app ear in our notations. F or sets B 2 E , a �rst en try time to B is denoted b y T

B

; ob viously

one has T

B

�

b

T

B

. The follo wing prop osition will b e pro v ed in section 5 (see 5.28).

3.4 Prop osition: A su�cien t condition for (H4) is as follo ws: the life cycle decomp osition in
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(H3) is de�ned from a stopping time R

1

of form

(+) R

1

� S

0

+ max

1 � i � l

T

B

i

� #

S

0

; S

0

� max

1 � j � m

b

T

�

j

where B

i

are sets in E with � ( B

i

) > 0, and �

j

( � ) are E -measurable, [0 ; 1]-v alued, with � ( �

j

) > 0.

Examples: W e con tin ue the examples discussed in section 1 after the de�nitions 1.9.A + B.

a) F or the one-dimensional Ornstein-Uhlen b ec k di�usion dX

t

= � aX

t

dt + dW

t

with a � 0,

A = f 0 g is a recurren t atom; then (H4) holds for the three c hoices of life cycle decomp ositions

sp eci�ed there. W e sho w this in case

R

1

= inf f t > S

0

: X

t

= 0 g ; S

0

= inf f t > 0 : X

t

2 B g

where B 2 B ( I R ) has p ositiv e Leb esgue measure (th us � ( B ) > 0, the in v arian t measure b eing

� = N

�

0 ;

1

2 a

�

) and do es not in tersect some " -neigh b ourho o d of 0. R

1

has form (+) in 3.4 since

S

0

� max f

b

T

B

+ ;

b

T

B

� g ; R

1

� S

0

+ max f T

B

+ ; T

B

� g � #

S

0

in case where b oth sets B

+

:= B \ (0 ; 1 ), B

�

:= B \ ( �1 ; 0) ha v e p ositiv e � -measure; if B

coincides with B

+

, this simpli�es to S

0

�

b

T

B

+
and R

1

� S

0

+ T

B

�
� #

S

0

.

b) If the Harris pro cess X meeting (H3) has an atom A of p ositiv e mass � ( A ) > 0, life cycles

R

1

= inf f t > S

0

: X

t

2 A

c

g ; S

0

=

b

T

A

:

(�rst en try times to A

c

after an indep enden t exp onen tial time sp en t in A ) satisfy (H4).

3.2 Examples

F or Harris pro cesses with recurren t atom and life cycle decomp osition meeting (H4), the theorems

in subsection 3.1 require quite complete kno wledge on regular v ariation of tails of life cycle length

distributions in the n ull recurren t case, and on in tegrabilit y with resp ect to in v arian t measure. In

this subsection, w e illustrate the results of subsection 3.1 b y some examples. F or one-dimensional

di�usions, the necessary results on regular v ariation of tails of tails of life cycle length distri-

butions ha v e b een pro v ed b y Khasminskii ([Has 80], [Kh 00], [Kh 01]). W e giv e the details in
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examples 3.5 and 3.10 b elo w; example 3.9 considers the 'classical' sp ecial case of one-dimensional

Bro wnian motion. F or birth and death pro cesses (see Karlin and McGregor [K-MG 61]) and for

branc hing pro cesses with immigration (see Zubk o v [Zu 72] and P ak es [P a 75]), regular v ariation

of tails of life cycle length distributions is a v ailable under conditions on the birth-, death-, or

branc hing rates in large p opulations, in whic h case also asymptotic b eha viour of in v arian t mea-

sure is kno wn. More sophisticated examples can b e treated on this bac kground, e.g. for �nite

systems of di�using particles with branc hing and immigration where the v oid con�guration is an

atom for the pro cess; under suitable conditions, the particle pro cess is Harris and has the v oid

con�guration as recurren t atom of p ositiv e mass under the in v arian t measure; see [H

•

o-L

•

o 99 a,b],

[L

•

o 99 a,b,c] and the references quoted there.

3.5 Example: W e consider one-dimensional di�usions.

a) A one-dimensional di�usion dX

t

= � ( X

t

) dB

t

with � con tin uous and strictly p ositiv e (th us

nonexplo ding in �nite time, see [K-S 91, p. 332]) is Harris recurren t with in v arian t measure

2

�

2

( x )

dx (write X as time-c hanged Bro wnian motion and use [Le 78]). Assuming in addition that

� is lo cally Lipsc hitz and satis�es a global linear gro wth condition, Khasminskii [Has 80, sections

IV.10-11] giv es a su�cien t condition for regular v ariation of tails of life cycle length distributions

with index � � , 0 < � < 1 . He uses life cycle decomp ositions ( R

n

)

n

de�ned b y

(3 : 5

0

) R

n

= inf f t > S

n

: X

t

= 0 g ; S

n

= inf f t > R

n � 1

: X

t

= 1 g ; n � 1 ; R

0

= 0

(whic h satify (H4), see 3.4 ab o v e) and calculates ([Has 80, lemma 10.5])

(3 : 5

00

) E

�

Z

R

2

R

1

f ( X

s

) ds

�

= � ( f ) ; � ( dx ) =

2

�

2

( x )

dx ;

f nonnegativ e, measurable, in L

1

( � ). Khasminskii's condition is

2

�

2

( x )

� A

+

x

�

; x ! + 1 ;

2

�

2

( x )

� A

�

j x j

�

; x ! �1(3.6)

with � := � 2 +

1

�

> � 1 and nonnegativ e constan ts A

+

, A

�

meeting A

+

+ A

�

> 0 (here A

�

= 0

is written for

2

�

2

( x )

= o ( j x j

�

) as x ! �1 ); he sho ws that (3.6) implies

(3 : 6

0

) P ( R

2

� R

1

> t ) �

�

2 �

(( A

+

)

�

+ ( A

�

)

�

)

�(1 + � )

t

� �

; t ! 1 :

This is pro v ed in [Has 80, theorem 11.2, corollary , remark 3, theorem 11.3], or in [Kh 00, theorem

2.2] with a di�eren t pro of, see also [Kh 01, theorem 1.1]. So the result on con v ergence in la w of
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in tegrable additiv e functionals of X

P ( R

2

� R

1

> t ) � c t

� �

; t ! 1 = )

1

(�(1 � � ) P ( R

2

� R

1

> t ))

� 1

Z

t

0

f ( X

s

) ds ! � ( f ) W

�

1

([Has 80, theorem 11.1], [Kh 01, theorem 1.1]) is { via RL T { a sp ecial case of theorem 3.1 and

corollary 3.2 ab o v e.

b) A one-dimensional di�usion dX

t

= b ( X

t

) dt + � ( X

t

) dB

t

is Harris recurren t with in v arian t

measure equiv alen t to Leb esgue measure if the function S

S ( x ) :=

Z

x

0

s ( y ) dy ; s ( y ) := exp

�

�

Z

y

0

2 b

�

2

( v ) dv

�

(3.7)

is a space transformation on I R , i.e.

lim

x !�1

S ( x ) = �1 ; S (0) = 0 ; lim

x ! + 1

S ( x ) = + 1

(see [Has 80, example 2 in section I I I.8]). In this case, the pro cess

e

X := ( S ( X

t

))

t � 0

is a di�usion

without drift, with same passage times to 0 as X , and with di�usion co e�cien t

e� = ( s � � ) � S

� 1

(3.8)

where S

� 1

is the function in v erse of S on I R ; the in v arian t measure of X is giv en b y

(3 : 8

0

) � ( dx ) =

2

�

2

( x )

exp

�

Z

x

0

2 b

�

2

( v ) dv

�

dx; x 2 I R :

2

3.9 Example : W e consider 'classical' results in case of one-dimensional Bro wnian motion.

a) In the sp ecial case � � 1 of 3.6.a), X is Bro wnian motion; for the life cycles as there one has

E ( e

� � ( R

2

� R

1

)

) = e

� 2 �

p

2 �

; � � 0

([R-Y 91, p. 67]) and th us L ( R

2

� R

1

) = L (8 S

1 = 2

1

). As a consequence (cf. 2.3),

P ( R

2

� R

1

> t ) � P ( S

1 = 2

1

>

t

8

) � 2

r

2

�

t

� 1 = 2

; t ! 1 :

By theorem 3.1 and corollary 3.2, for f 2 L

1

( � ), w e ha v e w eak con v ergence in D ( I R

+

; I R ) as

n ! 1

1

p

n

Z

( � n )

0

f ( X

s

) ds !

Z

I R

f ( x ) dx

1

p

2

W

1 = 2

; t ! 1 :
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Note that

1

p

2

W

1 = 2

is the pro cess in v erse to 2 S

1 = 2

. Since 2 S

1 = 2

is equal in la w to the pro cess

of lev el crossing times of Bro wnian motion B ([R-Y 91, p. 67, p. 102]),

1

p

2

W

1 = 2

is equal in la w

to the maxim um pro cess B

�

:= (max

0 � s � t

B

s

)

t � 0

. F or lo cal time of Bro wnian motion de�ned

as o ccupation time densit y ([R-Y 91, p. 207-209]), the pro cess

1

p

2

W

1 = 2

is th us equal in la w to

lo cal time at 0 of Bro wnian motion ([R-Y 91, p. 223]). In this form, w eak con v ergence of additiv e

functionals of Bro wnian motion has b een pro v ed b y P apanicolaou, Stro ok and V aradhan ([P-S-V

77]), rep orted b y Hu and Y or in their surv ey [H-Y 98, theorem A.1].

b) [P-S-V 77] also pro v e that for f in L

1

( � ) ha ving compact supp ort and � ( f ) = 0

1

n

1 = 4

Z

( � n )

0

f ( X

s

) ds ! C

1 = 2

B � (

1

p

2

W

1 = 2

)

(w eak con v ergence in D ( I R

+

; I R ), as n ! 1 ) with

C := 4

Z

+ 1

�1

�

Z

x

�1

f ( y ) dy

�

2

dx :

Applying the Ito form ula to the semimartingale 2 F ( X ), F ( x ) :=

R

x

�1

dy

R

y

�1

dz f ( z ) b eing b oun-

ded on I R , this result is again con tained in theorem 3.1 ab o v e.

3.10 Example : W e consider a t ypical family of n ull recurren t di�usions with drift.

a) With notations of 3.5, consider a pro cess X solution of dX

t

= b ( X

t

) dt + � ( X

t

) dB

t

with b , �

con tin uous and � strictly p ositiv e. Assume that for a family of parameters � , 
 ranging o v er the

domain � < 1, � 1 + 2 � < 
 < 1, drift and di�usion co e�cien t ha v e represen tations

� ( x ) � cst

�

j x j

�

; x ! �1 ; b ( x ) =

�

2

( x )

2

�




1

x

+ � ( x )

�

; j x j > 1(3.11)

where � ( � ) is some function with

R

j x j > 1

j � ( x ) j dx < 1 (whic h ma y also dep end on � and 
 ). In

(3.11) and b elo w, all o ccuring constan ts ' cst ' { v arying from line to line { can b e calculated for

giv en b and � using the metho ds of example 3.5 a)+b); see [H-K 01] for an application.

Since 
 < 1, S of (3.7) is a space transformation, and X is Harris. The in v arian t measure � of X

normed as in (3.8') b eha v es as

� ( dx ) � cst

�

j x j


 � 2 �

dx; x ! �1 :(3.12)

Since 
 � 2 � > � 1, it has in�nite total mass on I R , so X is recurren t n ull. Calculating e� of (3.8)

e� ( x ) � cst

�

j x j

� � 


1 � 


; x ! �1
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the in v arian t measure e� of

e

X = S ( X ) has densit y

2

e�

2

( x )

� cst

�

j x j

� 2+

1

�

; x ! �1 ; � :=

1 � 


2(1 � � )

(3.13)

where � = � ( �; 
 ) ranges o v er the full in terv al (0 ; 1) since � < 1, � 1 + 2 � < 
 < 1.

b) De�ne life cycles for X b y

R

n

= inf f t > S

n

: X

t

= 0 g ; S

n

= inf f t > R

n � 1

: X

t

= S

� 1

(1) g ; n � 1 ; R

0

= 0

where S

� 1

is the function in v erse of S . By (3.5") applied to

e

X and b y (3.7)-(3.8'), w e see that

E

�

Z

R

2

R

1

f ( X

s

) ds

�

= E

�

Z

R

2

R

1

( f � S

� 1

)(

e

X

s

) ds

�

= e� ( f � S

� 1

) = � ( f )

for f 2 L

1

( � ); moreo v er, (3.13) is condition (3.6) relativ e to

e

X = S ( X ), and so w e can calculate

as in (3.6') the factor C ( � ) suc h that

P ( R

2

� R

1

> t ) � C ( � ) t

� �

; t ! 1 :(3.14)

c) Th us for functions h 2 L

2

( � ), theorem 3.1 and corollary 3.2 yield w eak con v ergence of

�

1

n

�= 2

Z

tn

0

h ( X

s

) dB

s

;

1

n

�

Z

tn

0

h

2

( X

s

) ds

�

t � 0

( B can b e reco v ered from the observ ed X ) as n ! 1 to

�

K

1 = 2

B ( W

�

) ; K W

�

�

; K = K ( h; � ) =

� ( h

2

)

C ( � ) �(1 � � )

with � of (3.13) and C ( � ) of (3.14). Note that the condition h 2 L

2

( � ) { dep ending on � and 


via (3.12) { is a v ery strong condition if � and 
 range o v er the domain � < 1, � 1 + 2 � < 
 < 1:

essen tially , w e are reduced to consider h 2 C

K

, C

K

the class of con tin uous functions with compact

supp ort.

d) In analogy to 3.9 b), w e consider also the case of in tegrable additiv e functionals with � ( f ) = 0,

f 2 C

K

. With s of (3.7), the function

F ( x ) =

Z

x

1

s ( y ) � (1

( � 1 ;y ]

f ) dy

is b ounded on I R and solv es

A F = f ; A F := bF

0

+

1

2

�

2

F

00

:
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F rom Ito form ula for F ( X ) together with the result of c) applied to the martingale part of F ( X ),

w e get w eak con v ergence as n ! 1

�

1

n

�= 2

Z

tn

0

f ( X

s

) ds

�

t � 0

!

e

K

1 = 2

B ( W

�

) ;

e

K :=

�

�

( F

0

� )

2

�

C ( � ) �(1 � � )

in case � ( f ) = 0. 2

3.3 General Harris pro cesses

Man y in teresting Harris pro cesses do not ha v e recurren t atoms; th us life cycle decomp ositions as

used in the preceding subsection are not a v ailable. Ho w ev er, it is p ossible to consider instead of

X itself a family of new Harris pro cesses whic h are arbitrarily close to the original one; in this

family , life cycles can b e in tro duced arti�cially via Nummelin's splitting tec hnique. Using this

idea, the ab o v e results carry o v er to general Harris pro cesses where life cycles do not exist.

In this general setting, conditions on regular v ariation at 0 of resolv an ts of X replace the former

conditions on regular v ariation at 1 of tails of life cycle length distributions; note that w e could

ha v e form ulated theorems 3.1 - 3.3. already in this w a y . A sligh t disadv an tage of resolv an t condi-

tions remains: unless using resolv an ts for v ery particular functions of X (the 'sp ecial functions'

of 5.28 whic h are essen tially nonconstructiv e), the required regular v ariation holds only � -a.s. in

x . In this subsection, w e do not need more than the basic condition

(H1): X = ( X

t

)

t � 0

is Harris with in v arian t measure � .

The pro ofs of the t w o theorems 3.15 and 3.16 stated in this subsection is the aim of sections

6 and 7, and is giv en in theorems 7.16 and 7.20 there. The results are in complete analogy to

subsection 3.1 although w e c ho ose a di�eren t presen tation.

3.15 Theorem : a) F or 0 < � � 1 and l ( � ) v arying slo wly at 1 , the follo wing i) and ii) are

equiv alen t:

i) for ev ery g nonnegativ e E -measurable with 0 < � ( g ) < 1 , one has regular v ariation at 0 of
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resolv an ts in X

�

R

1 =t

g

�

( x ) = E

x

�

Z

1

0

e

�

1

t

s

g ( X

s

) ds

�

� t

�

1

l ( t )

� ( g ) ; t ! 1

for � -almost all x 2 E (the exceptional set dep ending on g );

ii) for ev ery additiv e functional A of X with 0 < E

�

( A

1

) < 1 , one has w eak con v ergence

( A

tn

)

t � 0

n

�

= l ( n )

! E

�

( A

1

) W

�

(in D ( I R

+

; I R ) as n ! 1 , under P

x

for all x 2 E ) where W

�

is the Mittag-Le�er pro cess of

index � .

b) The cases in a) are the only ones where w eak con v ergence of

( A

tn

)

t � 0

v ( n )

to a con tin uous non-

decreasing limit pro cess W (with W

0

= 0 and L ( W

1

) not degenerate at 0) is a v ailable for some

norming function v .

W e turn to martingales M 2 M

2 ; lo c

( P

x

; I F ) with the prop ert y that h M i is a lo cally b ounded

pro cess (this sligh t restriction coming in here w as not needed in subsection 3.1). W e require only

(H5

A

): M has the prop ert y

8 y ; 8 s; t : M

t + s

� M

t

= M

s

� #

t

P

y

-a.s. ;

the pro cesses h M i and [ M ] are additiv e functionals of X , and E

�

( h M i

1

) < 1 .

3.16 Theorem : Consider 0 < � � 1 and l ( � ) v arying slo wly at 1 . Assume that 3.15 a)i) holds

for � and l ( � ). Then w e ha v e w eak con v ergence

1

p

n

�

=l ( n )

( M

tn

)

t � 0

!

�

E

�

( h M i

1

)

�

1 = 2

B ( W

�

)

in D ( I R

+

; I R ) as n ! 1 , under P

x

.

Under a Lindeb erg condition on

1

p

n

�

=l ( n )

( M

tn

)

t � 0

, w e can again deduce from the last assertion

of theorem 3.16 w eak con v ergence of pairs (martingale, angle brac k ett) as in corollary 3.2, and

then conclude from 3.15 that no other w eak limits (under linear time scaling, with con tin uous

limit pro cess as in 3.1, and for some sequence of norming constan ts) can arise. The extension to
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m ultidimensional martingales (as in corollary 3.3) is ob vious.

It migh t lo ok strange that the seemingly simpler case with life cycles required more assumptions

than the general case. The reason is the follo wing. In our pro of, w e switc h from the pro cess X

of in terest to a family of new Harris pro cesses, arbitrarily close to X , where life cycles are in tro-

duced arti�cially: so w e can use the degrees of freedom in this construction to mak e sure that

all additional assumptions needed in subsection 3.1 are satis�ed at these auxiliary stages, and

things b ecome surprisingly simple at the lev el of the �nal result.
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4 Pro ofs for subsection 3.1 - su�cien t condition

In this section, w e pro v e the 'su�cien t' part of theorem 3.1 and its corollaries giv en in subsection

3.1: for pro cesses X with life cycles, regular v ariation of tails of life cycle length distributions

implies con v ergence of rescaled martingales to either Bro wnian motion or Bro wnian motion time-

c hanged b y an indep enden t Mittag-Le�er pro cess. This result is form ulated in theorem 4.12 and

in prop osition 4.22, see also the remarks 4.25 and 4.26.

W e w ork in the setting of subsection 3.1, but under w eak er conditions: w e list the assumptions on

X and on the martingales M to b e considered in this subsection, and then retrace the argumen ts

giv en b y Green w o o d and Resnic k ([R-Gr 79]) on w eak con v ergence of bidimensional random

w alks. F rom this, w eak con v ergence of martingales follo ws b y time c hange. An extension of this

argumen t yields w eak con v ergence of pairs (martingale, angle brac k ett). (H4) is nev er needed in

the presen t section.

Let us recall { for later use in sections 4 and 5 { the argumen ts pro ving theorems 2.4.A and 2.4.B,

see [F e 71] or [B-G-T 87]. Classical facts ab out regular v ariation (lik e T aub erian theorems etc.)

are quoted from the �rst c hapter of [B-G-T 87].

4.1 Pro of of 2.4.A and 2.4.B : The pro of is in sev eral steps. Notations F , G , G

�

are as in

2.4.A and 2.4.B: F , G are probabilit y la ws on [0 ; 1 ), G is not a Dirac measure at 0.

b

F ,

b

G denotes

the Laplace transform (L T) of F , G .

A) (cf. [B-G-T 87, Cor. 8.1.7]) F or 0 � � � 1 and ` 2 R

0

, the assertion

1 �

b

F ( s ) � s

�

` (1 =s ) s # 0(4.2)

is equiv alen t to

r ( t ) =

Z

t

0

(1 � F ( x )) dx �

1

�(2 � � )

t

1 � �

` ( t ) ; t " 1 ;(4.3)

in case � < 1, the last assertion is again equiv alen t to

1 � F ( x ) �

1

�(1 � � )

x

� �

` ( x ) ; x " 1 :(4.4)

This is seen as follo ws: the function r de�nes a measure on I R

+

; partial in tegration giv es

Z

1

0

e

� �x

(1 � F ( x )) dx =

1

�

(1 �

b

F ( � ))
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=

Z

1

0

e

� �x

r ( dx ) = br ( � ) :

The T aub erian theorem ([B-G-T 87, p. 37]) sho ws that for 0 � � � 1

br ( s ) � s

� � 1

` (1 =s ) s # 0

( )

r ( t ) �

1

�(2 � � )

t

1 � �

` ( t ) t " 1 ;

this sho ws (4.2) ( ) (4.3); (4.3) ( ) (4.4) for � < 1 is the monotone densit y theorem ([B-G-T

87, p. 39]) und the Karamata theorem ([B-G-T 87, p. 26]).

B) W e determine p ossible limit la ws for F

� n

( a

n

� ) for suitable norming sequences a

n

" 1 . The

con v ergence

F

� n

( a

n

x ) � ! G ( x ) 8 x con tin uit y p oin t of G

is equiv alen t to con v ergence of L T

� n log

b

F ( �=a

n

) � ! � log

b

G ( � ) ; 8 � > 0

and th us to

n (1 �

b

F ( �=a

n

)) � ! � log

b

G ( � ) ; 8 � > 0 :(4.5)

Consider U := 1 �

b

F whic h is nondecreasing: then for a

n

� x � a

n +1

U ( �=a

n +1

)

U (1 =a

n

)

�

U ( �=x )

U (1 =x )

�

U ( �=a

n

)

U (1 =a

n +1

)

and (4.5) implies

(4 : 5

0

) 8 � > 0 :

U ( �=x )

U (1 =x )

� !

� log

b

G ( � )

� log

b

G (1)

; x ! 1 :

This is regular v ariation of the function U = 1 �

b

F in 0, and at the same time determines (cf.

[B-G-T 87, p.17]) the p ossible limits in (4.5'):

1 �

b

F R V

%

in 0 ; � log

b

G ( � ) = c � �

%

; � > 0(4.6)

for some % 2 I R and some constan t c > 0. W e ha v e necessarily % � 0 since

b

G is nonincreasing

as L T of a probabilit y la w concen trated on [0 ; 1 ); necessarily % � 1 since otherwise � ! e

� �

%

w ould not b e `completely monotone' and th us not a L T of a measure on [0 ; 1 ) ([F e 71, p. 439]);

necessarily also % > 0 since G b y assumption is not the Dirac measure at 0. Finally , a constan t
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c in (4.6) can alw a ys b e absorb ed in to the norming sequence ( a

n

)

n

, so w e put c = 1. The only

remaining p ossibilities are

G = G

�

; 0 < � < 1 ; with 1 �

b

F R V

�

in 0 ;(4.7)

G = G

1

; with 1 �

b

F R V

1

in 0 :(4.8)

According to A) w e ha v e for 0 � � � 1

1 �

b

F R V

�

in 0 ( ) r R V

1 � �

in 1 :

C) Comparison of (4.5) and (4.5') sho ws: with c = 1 in (4.6), the norming sequence ( a

n

)

n

satis�es

n �

1

1 �

b

F (1 =a

n

)

; n ! 1 ;(4.9)

whence a

n

= a ( n ) where a ( � ) is an asymptotic in v erse to

t � !

1

1 �

b

F (1 =t )

�

t

br (1 =t )

�

t

�(2 � � ) r ( t )

(4.10)

where w e ha v e used A); for 0 < � < 1 the function in (4.10) is asymptotically equiv alen t to

t � !

1

�(1 � � )(1 � F ( t ))

:(4.11)

D) Steps B)+C) pro v e part a) of theorem 2.4.A, and the corresp onding direction in 2.4.B. The

con v erse is pro v ed b y using the argumen ts of B)+C) in rev erse order. 2

On this basis, w e turn to the topic of subsection 3.1. The pro of of the `su�cien t' part of 3.1

is con tained in the follo wing theorem 4.12. Our argumen ts follo w the references Green w o o d and

Resnic k [R-Gr 79], T ouati [T ou 88], [H

•

o 88]. F or bac kground on semimartingales and w eak con v er-

gence w e refer to Jaco d and Shiry aev [J-Sh 87], Ik eda and W atanab e [I-W 89], Billingsley [Bill 68].

F or the rest of of this section, the follo wing assumptions on the pro cess X will b e in force:

(H1): X = ( X

t

)

t � 0

is Harris with in v arian t measure � ;

(H3): X has a recurren t atom A 2 E and a life cycle decomp osition ( R

n

)

n � 1

, see 1.9.A + 1.9.B.

W e consider martingales M 2 M

2 ; lo c

( P

x

; I F ) for some P

x

on (
 ; A ; I F ) as in section 1, meeting

(H5

A

): M has the prop ert y

8 y ; 8 s; t : M

t + s

� M

t

= M

s

� #

t

P

y

-a.s. ;
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the pro cesses h M i and [ M ] are additiv e functionals of X , and E

�

( h M i

1

) < 1 ;

(H5

B

): F or the life cycle decomp osition ( R

n

)

n

of (H3), M satis�es either ( � ):

( � ) M

R

n

is measurable with resp ect to F

R

�

n

, for all n � 1 ;

or the follo wing ( �� ):

( �� ) R

n +1

� R

n

and M � M

R

n

are indep enden t of F

R

n

, for all n � 1 .

Only these assumptions will b e needed in the remaining parts of this section.

With resp ect to the sequence ( R

n

)

n � 1

of (H3), w e write r ( � ) for the function

r ( t ) :=

Z

t

0

P ( R

2

� R

1

> s ) ds ;

and w e �x the norming constan t for � (cf. 1.10) b y

(4 : 11

0

) � ( F ) = E

�

Z

R

2

R

1

1

F

( X

s

) ds

�

; F 2 E :

W e recall also the con v en tion W

1

= S

1

= id .

4.12 Theorem: Assume regular v ariation r ( � ) 2 R V

1 � �

at 1 , for some 0 < � � 1:

8

<

:

P ( R

2

� R

1

> � ) 2 R V

� �

falls 0 < � < 1,

r ( � ) 2 R V

0

falls � = 1.

De�ne

v ( t ) =

8

<

:

1

�(1 � � ) P ( R

2

� R

1

>t )

; 0 < � < 1 ;

t=r ( t ) ; � = 1 :

Then one has

M

n

:=

 

1

p

v ( n )

M

tn

!

t � 0

� ! J

1 = 2

B � W

�

:

(w eak con v ergence in D ( I R

+

; I R ), under P

x

, as n ! 1 ), where Bro wnian motion B and Mittag

Le�er pro cess W

�

are indep enden t, and where

J := E ( h M i

R

2

� h M i

R

1

) :
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Pro of: 0) First w e men tion that due to 1.9.A+B and (H5

A

)+(H5

B

),

(4 : 12

0

) ( M

R

n

� M

R

1

; R

n

� R

1

)

n � 1

is a random w alk either w.r.t. ( F

R

�

n

)

n

or w.r.t. ( F

R

n

)

n

(see example 4.27 for illustration of some

t ypical problems). (H5

A

) and Mark o v prop ert y giv e

E

P

x

�

e

� �

1

( R

n +1

� R

n

) � �

2

( M

R

n +1

� M

R

n

)

jF

R

n

�

= E

X

R

n

�

e

� �

1

R

1

� �

2

M

R

1

�

; �

1

; �

2

� 0 :

Conditioning w.r.t. F

R

�

n

according to 1.9.A+B, w e see

E

P

x

�

e

� �

1

( R

n +1

� R

n

) � �

2

( M

R

n +1

� M

R

n

)

jF

R

�

n

�

= E

�

A

�

e

� �

1

R

1

� �

2

M

R

1

�

=:  

A

( �

1

; �

2

) :

Th us w e ha v e alw a ys

�

R

n +1

� R

n

; M

R

n +1

� M

R

n

�

is indep enden t of F

R

�

n

, for all n � 1 :

If ( � ) of (H5

B

) holds, the r.v. ( M

R

j

� M

R

1

; R

j

� R

1

) is F

R

�

j

-measurable ( R

j

as a stopping time

is alw a ys F

R

�

j

-measurable), th us (4.12') is a random w alk w.r.t. ( F

R

�

n

)

n

under P

x

.

If ( �� ) of (H5

B

) holds, then { m uc h simpler { (4.12') is a random w alk w.r.t. ( F

R

n

)

n

.

This holds under ev ery starting la w for the pro cess X .

1) W e consider the biv ariate random w alk

�

M

R

j

� M

R

1

; R

j

� R

1

�

j � 1

under P

x

.

W riting S

j

:= M

R

j

, w e rescale the comp onen ts of this random w alk separately

Y

n

:=

�

1

p

n

S

[ � n ]

;

1

a ( n )

R

[ � n ]

�

(4.13)

according to 2.4.A and 2.4.B where a ( � ) is an asymptotic in v erse for v ( � ). F or ev ery n 2 I N ,

the biv ariate pro cess Y

n

is a PI I, and has appro ximately as n ! 1 stationary incremen ts.

Considering the comp onen ts of Y

n

separately , w e ha v e w eak con v ergence under P

x

as n ! 1

1

p

n

S

[ � n ]

� ! J

1 = 2

B

in D ( I R

+

; I R ) according to Donsk er's theorem, and con v ergence of �nite-dimensional distributions

1

a ( n )

R

[ � n ]

� ! S

�

as n ! 1 b y indep endence of incremen ts com binded with theorems 2.4.A and 2.4.B: so p ossible

limits for the sequence ( Y

n

)

n

in (4.13) under P

x

, in the sense of �nite-dimensional distributions,

are

Y = ( J

1 = 2

� B ; S

�

)(4.14)
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for some biv ariate pro cess ha ving marginals B and S

�

.

2) The essen tial p oin t is to pro v e that the comp onen ts B , S

�

of the limit pro cess Y in (4.14) are

necessarily indep enden t. A short argumen t, see Green w o o d and Resnic k [R-Gr 79], is as follo ws.

Being limit of a biv ariate random w alk, Y is necessarily a PI IS. The L � evy-Khin tc hine form ula

sho ws that Y can b e represen ted as indep enden t sum of a Gaussian and a non-Gaussian (sum of

big jumps and comp ensated sum of small jumps) Levy pro cess plus a deterministic linear term:

Y = C � id + B

Y

+ K

Y

:

Comparison with (4.14) giv es

C =

0

@

0

0

1

A

; B

Y

=

0

@

J

1 = 2

� B

0

1

A

; K

Y

=

0

@

0

S

�

1

A

:

Th us B , S

�

in (4.14) are indep enden t. (W e will giv e a detailed and more general argumen t

follo wing Ik eda and W atanab e [I-W 89, p. 77-78] - a P oisson random measure and a Bro wnian

motion de�ned with resp ect to the same �ltration are necessarily indep enden t - in 4.21 b elo w.)

3) By step 2) w e kno w that under P

x

Y

n

=

�

1

p

n

S

[ � n ]

;

1

a ( n )

R

[ � n ]

�

f.d.

� ! Y = ( J

1 = 2

� B ; S

�

)

where Bro wnian motion B and stable increasing pro cess S

�

are necessarily indep enden t. W rite

N

t

for the n um b er of life cycles of X (including the initial segmen t) completed at time t :

N

t

= sup f n 2 I N

0

: R

n

� t g :

Then w e ha v e

e

Y

n

:=

�

1

p

n

S

[ � n ]

;

1

n

N

� a ( n )

�

f.d.

� !

e

Y := ( J

1 = 2

� B ; W

�

)(4.15)

where W

�

is the pro cess in v erse to S

�

and th us B and W

�

are indep enden t: for 0 � t

1

< t

2

<

: : : < t

`

< 1 , for x

1

; : : : ; x

n

2 (0 ; 1 ), as n ! 1

�

N

t

i

a ( n )

n

< x

i

; 1 � i � `

�

=

�

R

[ x

i

n ]

> t

i

a ( n ) ; 1 � i � `

	

4 N

n

=

�

R

[ x

i

n ]

a ( n )

> t

i

; 1 � i � `

�

4 N

n

up to symmetric di�erence with small sets N

n

meeting P

x

( N

n

) ! 0; since n � v ( a ( n )) with

a ( � ) 2 R V

1 =�

, w e iden tify

1

n

N

� a ( n )

with a subsequence of

1

v ( n )

N

� n

as n ! 1 . W e sho w that the

sequence (

e

Y

n

)

n

in (4.15) is tigh t in D ( I R

+

; I R

2

) under P

x

: tigh tness of the �rst comp onen t in
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D ( I R

+

; I R ) is clear from step 1); for tigh tness of the second comp onen t in D ( I R

+

; I R ), w e use

([J-Sh 87, VI.3.37]): since the second comp onen ts of (

e

Y

n

)

n

are increasing pro cesses and since W

�

is con tin uous, �nite-dimensional con v ergence (4.15) implies

1

n

N

� a ( n )

n !1

� ! W

�

(w eak con v ergence in D ( I R

+

; I R ) under P

x

) :

Th us b oth comp onen ts of (

e

Y

n

)

n

form tigh t sequences in D ( I R

+

; I R ), and so the biv ariate sequence

(

e

Y

n

)

n

is tigh t in D ( I R

+

; I R

2

) ([J-Sh 87, VI.3.33]). By (4.15), there is a unique limit la w for

arbitrary subsequences of (

e

Y

n

)

n

, so w e ha v e

8

<

:

e

Y

n

=

�

1

p

n

S

[ � n ]

;

1

n

N

� a ( n )

�

� !

e

Y = ( J

1 = 2

� B ; W

�

)

w eak con v ergence in D ( I R

+

; I R

2

) under P

x

as n ! 1 :

(4.16)

By Billingsley [Bill 68, p.145], b oth comp onen ts of the limit pro cess in (4.16) b eing con tin uous,

the second comp onen t in (4.16) ma y b e used as a time transformation for the �rst: so w e get

8

<

:

1

p

n

S

[(

1

n

N

� a ( n )

) n ]

� ! J

1 = 2

� B ( W

�

)

w eak con v ergence in D ( I R

+

; I R ) under P

x

(4.17)

and after replacing n b y v ( n ) - whic h amoun ts to an insertion of mem b ers in to the sequence -

one arriv es at

8

>

<

>

:

1

p

v ( n )

S

N

� n

� ! J

1 = 2

� B ( W

�

)

w eakly in D ( I R

+

; I R ) under P

x

as n ! 1 :

(4.18)

4) It remains to sho w that (4.18) implies

1

p

v ( n )

M

� n

� ! J

1 = 2

� B ( W

�

) w eakly in D ( I R

+

; I R ) under P

x

as n ! 1 :(4.19)

The pro of of (4.19) is in three parts.

i) F or ev ery starting p oin t x for the Harris pro cess X , the measure

t ! E

x

( N

t

) =

X

l � 1

P

x

( R

l

� t )

is (with notations of 1.9.A+B) a con v olution

P

x

( R

1

2 � ) �

 

1

X

m =0

P

�

A

( R

m

2 � )

!

:

The asymptotic b eha viour of its Laplace transform (cf. [B-G-T 87, p. 361)

� ! E

x

�

e

� �R

1

�

1

1 � E

�

A

( e

� �R

1

)

; � > 0
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as � # 0 do es not dep end on x . Com bining (4.2)-(4.4) and Karamata's T aub erian theorem (B-G-T

87, p. 37), w e see that

E

x

( N

t

) �

1

�(1 + � )

v ( t ) as t ! 1

indep enden tly of the starting p oin t x .

ii) W e sho w that for ev ery t > 0, " > 0 �xed,

(+) P

x

 

1

p

v ( n )

j S

N

tn

� M

tn

j > "

!

! 0

as n ! 1 . Since lim

n !1

P

x

( R

1

> nt ) = 0 , is is su�cien t to consider

(++) P

x

�

sup

s � 0

�

M

s ^ R

N

tn

+1

� M

s ^ R

N

tn

�

2

> "

2

v ( n ) ; R

1

� nt

�

:

Note that the last renew al time R

N

tn

b efore tn is not a stopping time: an ev en t f R

N

tn

� c g with

0 < c < tn do es not b elong to the � -�eld generated b y observ ation of X only up to time c . By

1.9.A+B and (H5), rewrite (++) as

1

X

l =1

E

x

0

@

1

f R

l

� nt g

E

x

0

@

1

f R

l +1

� R

l

>nt � R

l

g

1

f sup

s � 0

�

M

s ^ R

l +1

� M

s ^ R

l

�

2

>"

2

v ( n ) g

j F

R

�

l

1

A

1

A

=

Z

nt

0

d

u

( E

x

( N

u

)) P

�

A

�

R

1

> nt � u ; sup

s � R

1

( M

s

)

2

> "

2

v ( n )

�

=

Z

1

0

P

�

A

( R

1

2 dr ) f

( n )

( r )

�

E

x

( N

nt

) � E

x

( N

( nt � r ) _ 0

)

�

with notation

f

( n )

( r ) := P

�

A

�

sup

s � R

1

( M

s

)

2

> "

2

v ( n ) j R

1

= r

�

:

By assumption in (H5),

J = E ( h M i

R

2

� h M i

R

1

) = E

�

sup

s � 0

( M

s ^ R

2

� M

s ^ R

1

)

2

�

= E

�

A

�

sup

s � R

1

M

2

s

�

=

Z

1

0

P

�

A

( R

1

2 dr ) E

�

A

�

sup

s � R

1

M

2

s

j R

1

= r

�

< 1 ;

th us w e ha v e for P

R

1

�

A

- a.a. r > 0 as n ! 1

"

2

v ( n ) f

( n )

( r ) � E

�

A

 

( sup

s � R

1

M

2

s

) 1

f sup

s � R

1

( M

s

)

2

>"

2

v ( n ) g

j R

1

= r

!

! 0

and from this b y dominated con v ergence

Z

1

0

P

�

A

( R

1

2 dr ) v ( n ) f

( n )

( r ) ! 0 :
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By part i) ab o v e and regular v ariation of v , w e th us ha v e pro v ed

Z

1

0

P

�

A

( R

1

2 dr ) f

( n )

( r )

�

E

x

( N

nt

) � E

x

( N

( nt � r ) _ 0

)

�

! 0

whic h via (++) establishes (+).

iii) P art ii) together with (4.18) implies

1

p

v ( n )

M

� n

f.d.

� ! J

1 = 2

B ( W

�

) :

It remains to pro v e tigh tness of this sequence in D ( I R

+

; I R ) under P

x

in order to complete the

pro of of theorem 4.12. By [J-Sh 87, VI.4.13], it is enough to v erify

 *

1

p

v ( n )

M

� n

+!

n

is C -tigh t in D ( I R

+

; I R );

w e will pro v e w eak con v ergence

*

1

p

v ( n )

M

� n

+

� ! J � W

�

w eakly in D ( I R

+

; I R ) as n ! 1 :(4.20)

Again b y [J-Sh 87, VI.3.37], it is enough to sho w �nite-dimensional con v ergence in (4.20) - the pre-

limiting pro cesses are increasing, and the limit pro cess is con tin uous - and this is a consequence

of (4.15) (with n replaced b y v ( n ))

1

v ( n )

N

� n

f.d.

� ! W

�

and the ratio limit theorem

P � a : s : : lim

t !1

< M >

t

N

t

= E ( < M >

R

2

� < M >

R

1

) = J :

So (4.20) is pro v ed, and th us (4.19): this concludes the pro of of 4.12. 2

By 4.12, w e ha v e pro v ed the 'su�cen t' direction in 3.1. Before pro ceding to join t con v ergence of

pairs (martingale, angle brac k ett) in prop osition 4.22, w e giv e an alternativ e argumen t for step

2) of the preceding pro of.

4.21 Remark : W e giv e an alternativ e argumen t replacing step 2) of the previous pro of, based

on [I-W 89, pp. 77-78]. Consider an y p ossible c� adl� ag limit pro cess Y for ( Y

n

)

n

of (4.13), in the
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sense of �nite-dimensional distributions: Y is de�ned on some (


0

; A

0

; I F

0

; P

0

) where I F

0

is the

�ltration generated b y Y

I F

0

= ( F

t

)

t � 0

; F

0

t

=

\

T >t

F

0

T

; F

0

T

:= � ( Y

s

: 0 � s � T );

b y (4.14), its �rst marginal denoted b y B is a Bro wnian motion (for simplicit y , w e put J = 1);

its second marginal denoted b y S

�

is a stable increasing pro cess with index � . Since Y

n

has

indep enden t incremen ts whic h asymptotically as n ! 1 are stationary , the limit pro cess Y is

a PI IS w.r.to I F

0

: for 0 � s < t < 1 , the conditional la w P

Y

t

� Y

s

jF

0

s

= L ( Y

t � s

) is indep enden t

of F

0

s

. Since Y is righ t-con tin uous, Y is also a PI IS w.r.to the �ltration I F

0

: for arbitrary Z

nonnegativ e and F

0

s

-measurable, F

0

s

=

T

n

F

0

s +1 =n

, for h 2 C

b

( I R

2

), w e ha v e

E ( Z h ( Y

t

� Y

s

)) = lim

n

E ( Z h ( Y

t

� Y

s +1 =n

))

= lim

n

E

�

Z E

�

h ( Y

t

� Y

s +1 =n

) j F

0

s +1 =n

� �

= E Z lim

n

E ( h ( Y

t

� Y

s +1 =n

))

= E Z E ( h ( Y

t

� Y

s

))

whic h pro v es that P

Y

t

� Y

s

jF

0

s

= L ( Y

t � s

) is indep enden t of F

0

s

. By this argumen t, the �rst comp o-

nen t of Y is a I F

0

-Bro wnian motion:

P

B

t

� B

s

jF

0

s

= N (0 ; t � s )

and the p oin t pro cess � of jumps of the second comp onen t of Y is a I F

0

-P oisson random measure:

8

>

<

>

:

P

( � (] s;t ] � U

i

)

1 � i � `

) jF

0

s

=

`

N

i =1

P (( t � s )�

�

( U

i

))

for disjoin t sets U

1

; : : : ; U

`

in B ( I R ) ha ving �

�

( U

i

) < 1

where w e write �

�

( dx ) for the measure �x

� � � 1

dx on (0 ; 1 ), see remark 2.7. F ollo wing [I-W 89,

pp. 77-78], w e will sho w that P oisson random measure and Bro wnian motion de�ned on the same

(


0

; A

0

; P

0

) with resp ect to the same �ltration I F

0

are necessarily indep enden t (whic h implies the

desired indep endence of B and S

�

). T o this aim w e consider transforms

I R � ( I R

+

)

`

3 ( � ; �

1

; : : : ; �

`

) ! ' ( � ; �

1

; : : : ; �

`

) := E

�

e

i� ( B

t

� B

s

) �

P

`

i =1

�

i

� (] s;t ] � U

i

)

j F

0

s

�

(0 � s < t < 1 , U

i

disjoin t sets ha ving �

�

( U

i

) < 1 ; ` 2 I N ); if w e pro v e that

( � ) ' ( � ; �

1

; : : : ; �

`

) = e

( t � s )[ �

1

2

�

2

+

P

`

i =1

( e

� �

i

� 1)�

�

( U

i

)]

;
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then B

t

� B

s

, � (] s; t ] � U

i

), 1 � i � ` will b e indep enden t and indep enden t of F

0

s

, and as a

consequence, the � -�elds � ( B

t

: t � 0) and � ( � (] s; t ] � U : 0 � s < t < 1 ; U 2 B ( I R

d

)) generated

b y B and � will b e indep enden t, whic h concludes the pro of.

T o pro v e ( � ), w e consider the b ounded and complex-v alued semimartingale F ( Z )

F ( Z

t

) := e

i� B

t

�

P

`

i =1

�

i

� (]0 ;t ] � U

i

)

Z = ( B ; � (]0 ; � ] � U

1

) ; : : : � (]0 ; � ] � U

`

)) :

It^ o's form ula (see e.g. [J-Sh 87, p. 57]) for F ( Z ) giv es

F ( Z

t

) � F ( Z

s

) = i�

Z

t

s

F ( Z

u

�
) dB

u

+ ( �

1

2

�

2

)

Z

t

s

F ( Z

u

�
) du

+

Z

t

s

Z

I R

h

F ( Z

u

�
)

�

e

�

P

`

i =1

�

i

1

U

i

( x )

� 1

�i

� ( ds; dx )

| {z }

=

P

u 2 ( s;t ]

( F ( Z

u

) � F ( Z

u

�

))

= ( M

t

� M

s

) + ( �

1

2

�

2

)

Z

t

s

F ( Z

u

) du

+

Z

t

s

Z

I R

F ( Z

u

)

�

e

�

P

`

i =1

�

i

1

U

i

( x )

� 1

�

du �

�

( dx )

for some lo cal martingale M suc h that < M >

t

is b ounded; since the sets U

i

are disjoin t, the last

term on the r.h.s equals

Z

t

s

F ( Z

u

)

"

`

X

i =1

( e

� �

i

� 1)�

�

( U

i

)

#

du:

F or Y nonnegativ e, b ounded, F

0

s

-measurable w e consider E [ Y ( F ( Z

t

) � F ( Z

s

))]: with notation

'

Y

( t ) := E

�

Y e

i� ( B

t

� B

s

) �

P

`

i =1

�

i

� (] s;t ] � U

i

)

�

; t � s

(th us '

Y

( s ) = E ( Y )) w e get from E ( M

t

� M

s

jF

0

s

) = 0 after absorption of the factor F ( Z

s

) in Y

E

�

Y

h

e

i� ( B

t

� B

s

) �

P

`

i =1

�

i

� (] s;t ] � U

i

)

� 1

i�

= '

Y

( t ) � '

Y

( s )

=

Z

t

s

du '

Y

( u )

"

�

1

2

�

2

+

`

X

i =1

( e

� �

i

� 1)�

�

( U

i

)

#

du:

The solution of this di�eren tial equation is w ell kno wn

'

Y

( t ) = E ( Y ) � e

( t � s )

[

�

1

2

�

2

+

P

`

i =1

( e

� �

i

� 1)�

�

( U

i

)

]

; t � s:

T aking in particular Y = 1

A

, for arbitrary A 2 F

0

s

, w e get

E

�

e

i� ( B

t

� B

s

) �

P

`

i =1

�

i

� (] s;t ] � U

i

)

jF

0

s

�

= e

( t � s )

[

�

1

2

�

2

+

P

`

i =1

( e

� �

i

� 1)�

�

( U

i

)

]

:

46



This is ( � ), and concludes the pro of. 2

The argumen t leading to theorem 4.12 can b e strengthened to obtain w eak con v ergence of pairs

(martingale, angle brac k ett). Note that w e do not require a Lindeb erg condition here.

4.22 Prop osition : Under all assumptions of theorem 4.12, w e ha v e

( M

n

; < M

n

> )

L

� !

�

J

1 = 2

B � W

�

; J W

�

�

(w eak con v ergence in D ( I R

+

; I R � I R ), as n ! 1 , under P

x

).

Pro of : W e replace the biv ariate random w alk in step 1) of the pro of of 4.12 b y a triv ariate one

�

M

R

j

� M

R

0

; < M >

R

j

� < M >

R

0

; R

j

� R

0

�

j 2 I N

0

and consider

Y

n

:=

�

1

p

n

S

[ � n ]

;

1

n

K

[ � n ]

;

1

a ( n )

R

[ � n ]

�

(4.23)

where K

j

:= < M >

R

j

. The second comp onen t con v erges w eakly in D ( I R

+

; I R ) to the deterministic

pro cess ( J � t )

t � 0

. In v erting the last comp onen t and using it as a time c hange for the pair of �rst

comp onen ts in analogy to (4.16)-(4.18), w e get

8

>

<

>

:

�

1

p

v ( n )

S

N

� n

;

1

v ( n )

K

N

� n

�

� !

�

J

1 = 2

� B ( W

�

) ; J � W

�

�

w eakly in D ( I R

+

; I R � I R ) as n ! 1 :

(4.24)

Up to ob vious c hanges, the remaining parts of the pro of are on the lines of 4.12. 2

4.25 Remark : In the same w a y , w e ma y consider d -dimensional lo cal martingales M 2 M

2

lo c

b y including all comp onen ts M

i

of M and < M

i

; M

j

> of < M > in to the random w alk (4.23).

4.26 Remark : Via the RL T, see 1.7, the last result implies join t w eak con v ergence of martin-

gales with arbitrary in tegrable additiv e functionals.

W e end this section with an example illustrating wh y w e need assumption (H5

B

) to mak e sure

that incremen ts of the martingale o v er life cycles of X form indeed a random w alk.
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4.27 Example: W e con tin ue example 1.11 a), will all notations as there.

a) F or F op en in I R with 0 < � ( F ) < 1, consider the I F

X

-coun ting pro cess

N

t

=

X

n � 1

1

f T

n

� t g

1

f X

T

n

2 F �f 0 gg

and let M denote the comp ensated coun ting pro cess

M

t

= N

t

�

Z

t

0

�

1

2

1

F � f 0 g

( X

s

) + � ( F )1

A

( X

s

)

�

ds

where A = I R � f 1 g is the atom of X. By de�nition of ( R

n

)

n

in 1.11 as passage times from A to

A

c

, X

R

n

is alw a ys in I R � f 0 g , is distributed according to � 
 �

0

, and w e ha v e

X

R

n

2 F � f 0 g if and only if M

R

n

+ t

� M

R

n

= �

1

2

t for t su�cien tly small

X

R

n

2 F

c

� f 0 g if and only if M

R

n

+ t

� M

R

n

= 0 for t su�cien tly small

as w ell as

M

R

n

= M

R

�

n

+ 1

F �f 0 g

( X

R

n

) :

So b oth ( � ) and ( �� ) of (H5

B

) are violated, and it is clear that M � M

R

n

and M

R

n

are dep enden t.

So

�

M

R

j

� M

R

1

; R

j

� R

1

�

j � 1

is not a random w alk.

b) In example 1.11 a) w e ha v e constan t in tensit y for 'c hange of colour' on E �f 0 g and E �f 1 g ,

th us R

n +1

� R

n

is indep enden t of F

R

n

. Consider

N

1

t

=

X

n � 1

1

f R

n

� t g

1

f X

R

n

2 F � f 0 gg

; M

1

t

= N

1

t

�

Z

t

0

� ( F )1

A

( X

s

) ds :

M

1

is a martingale suc h that M

1

� ( M

1

)

R

n

is indep enden t of F

R

n

, n � 1. So ( �� ) of (H5

B

) holds

for M

1

.

c) Consider no w

N

2

t

=

X

n � 1

1

f T

n

� t g

1

f X

T

n

2 F � f 1 gg

; M

2

t

= N

2

t

�

Z

t

0

�

1

2

1

F � f 0 g

( X

s

)

�

ds

Then ( M

2

)

R

n

is F

R

�

n

-measurable, so ( � ) of (H5

B

) holds for M

2

. 2
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5 Pro ofs for subsection 3.1 - necessary condition

In this section, w e consider pro cesses with life cycles and pro v e that the conditions on regular

v ariation of tails of life-cycle length distributions in theorem 3.1 are necessary conditions for

w eak con v ergence of rescaled martingales under a Lindeb erg condition - this condition implies

that the limit pro cess is a con tin uous lo cal martingale, and that w e ha v e also w eak con v ergence of

(predictable) quadratic v ariations. T o these one applies the classical Darling-Kac theorem ([D-K

57], see [B-G-T 87, c h. 8.11]) whic h states that norming functions are necessarily regular v arying,

and that limit la ws for (one-dimensional marginals of ) rescaled additiv e functionals of X are

necessarily Mittag-Le�er la ws. Ho w ev er, the Darling-Kac theorem needs a uniformit y condition

(see [B-G-T 87, p. 390]) whic h is rather restrictiv e except for simple situations suc h as Mark o v

step pro cesses with coun table state space. T ouati ([T ou 88]) prop osed to a v oid 'Darling-Kac con-

ditions' b y use of 'sp ecial functions'. W e giv e the argumen t exactly in this w a y .

In a �rst part of this section, w e shall use only assumptions on the pro cess X :

(H1): X = ( X

t

)

t � 0

is Harris with in v arian t measure � ;

(H3): X has a recurren t atom A 2 E and a life cycle decomp osition ( R

n

)

n � 1

, see 1.9.A + 1.9.B;

(H4): There is some function f , b ounded, nonnegativ e, E -measurable, 0 < � ( f ) < 1 , suc h that

x ! E

x

�

Z

R

1

0

f ( X

s

) ds

�

is b ounded on E

(a 'w eakly sp ecial function for X and R

1

').

With resp ect to ( R

n

)

n

, w e �x the norming constan t for � as in (4.11').

(H1), (H3) and (H4) allo w to pro v e a v arian t of the classical Darling-Kac theorem without

Darling-Kac conditions: w eak con v ergence of (linearly time-scaled and suitably normed) additi-

v e functionals of X implies regular v ariation of tails of life-cycle length distributions (theorems

5.6.A and 5.6.B b elo w). W e will use in this section the follo wing abuse of language: w e write

E

A

( � ) := E

�

A

( � ) with �

A

the la w of X

R

n

as in 1.9.A+B, and w e term functions f meeting (H4)

for short w eakly sp ecial without explicit reference to X and R

1

.

As in (4.2)-(4.4), write

b

F for the Laplace transform of the life cycle length distribution:

b

F ( � ) = E ( e

� � ( R

2

� R

1

)

) = E

A

( e

� �R

1

) ; � 2 I R

+

49



and in tro duce a function v : I R

+

! I R

+

v ( t ) =

�

1 � E

A

�

e

�

1

t

R

1

��

� 1

=

�

1 �

b

F (

1

t

)

�

� 1

(5.1)

whic h is nondecreasing, with v (0) = 1 and v ( t ) " 1 as t ! 1 . This function v - whic h w as

implicit already in (4.2)-(4.4) - will pla y a k ey role in the sequel. W e will w ork with resolv an ts

and de�ne for f nonnegativ e, b ounded, measurable

R

�

f ( x ) =

Z

1

0

�e

� �t

E

x

�

Z

t

0

f ( X

s

) ds

�

dt = E

x

�

Z

1

0

e

� �t

f ( X

t

) dt

�

:

5.2 Lemma : ([T ou 88]) R

�

admits the decomp osition

R

�

f ( x ) = R

1

�

f ( x ) + R

2

�

f ( x )

where

R

1

�

f ( x ) = E

x

�

Z

R

1

0

e

� �t

f ( X

t

) dt

�

and

R

2

�

f ( x ) = v (

1

�

) E

x

�

e

� �R

1

�

E

A

�

Z

R

1

0

e

� �t

f ( X

t

) dt

�

:

Pro of: W e start from

R

�

f ( x ) = E

x

�

Z

1

0

e

� �t

f ( X

t

) dt

�

= E

x

�

Z

R

1

0

e

� �t

f ( X

t

) dt

�

+ E

x

0

@

X

n � 1

Z

R

n +1

R

n

e

� �t

f ( X

t

) dt

1

A

:

Here, the �rst term on the r.h.s is R

1

�

f ( x ). F or the second one, note that

E

x

�

Z

R

n +1

R

n

e

� �t

f ( X

t

) dt

�

= E

x

�

e

� �R

n

�

Z

R

1

0

e

� �v

f ( X

v

) dv

�

� �

R

n

�

= E

x

�

e

� �R

n

�

E

A

�

Z

R

1

0

e

� �v

f ( X

v

) dv

�

b y the strong Mark o v prop ert y , where

E

x

�

e

� �R

n

�

= E

x

�

e

� �R

1

�

E

x

�

e

� � ( R

n

� R

1

)

�

= E

x

�

e

� �R

1

�

E

A

�

e

� �R

1

�

n � 1

:

By de�nition of v in (5.1), the assertion follo ws. 2
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F or w eakly sp ecial functions, lemma 5.2 can b e strengthened.

5.3 Lemma : ([T ou 88]) F or f w eakly sp ecial and C := sup

x

E

x

�

R

R

1

0

f ( X

s

) ds

�

< 1 , for �

normed according to (4.11'), one has for arbitrary x 2 E

( i )

R

�

f ( x )

v (

1

�

)

� !

� # 0

� ( f )

( ii ) 8 � > 0 : v (

1

�

)

"

R

�

f ( x )

v (

1

�

)

� � ( f )

#

� C :

Pro of: F or � # 0, this follo ws from insp ection of the terms

R

�

f ( x )

v (

1

�

)

=

E

x

� C

z }| {

�

Z

R

1

0

e

� �t

f ( X

t

) dt

�

v (

1

�

)

+ E

x

�

e

� �R

1

�

| {z }

� 1 " 1

� E

A

�

Z

R

1

0

e

� �t

f ( X

t

) dt

�

| {z }

� � ( f ) ; " � ( f )

arising in the decomp osition of lemma 5.2. 2

Next, for f w eakly sp ecial, w e consider momen ts of arbitrary order for additiv e functionals A

t

=

R

t

0

f ( X

s

) ds . De�ne

M

n

( t; x ) := E

x

��

Z

t

0

f ( X

s

) ds

�

n

�

and

c

M

n

( �; x ) =

Z

1

0

�e

� �t

M

n

( t; x ) dt; � > 0 :

Then the follo wing mo di�cation of [D-K 57] or [B-G-T 87] { due to T ouati { holds.

5.4 Lemma : ([T ou 88]) F or f w eakly sp ecial, one has for all x 2 E :

( i )

c

M

n

( �; x )

n ! ( v (

1

�

))

n

� !

� # 0

( � ( f ))

n

;

( ii ) 8 � > 0 : v (

1

�

)

"

c

M

n

( �; x )

n ! ( v (

1

�

))

n

� � ( f )

n

#

� C ( C + 2 � ( f ))

n � 1

where C is the constan t of lemma 5.3.
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Pro of : 1) W e start from

E

x

� �

Z

t

0

f ( X

s

) ds

�

n

�

=

Z

t

0

: : :

Z

t

0

E

x

( f ( X

u

1

) : : : f ( X

u

n

)) du

1

: : : du

n

= n !

Z

t

0

du

1

Z

t

u

1

du

2

: : :

Z

t

u

n � 1

du

n

E

x

( f ( X

u

1

) : : : f ( X

u

n

))

whic h giv es

c

M

n

( �; x ) =

Z

1

0

�e

� �t

M

n

( t; x ) dt

= n !

Z

1

0

du

1

Z

1

u

1

du

2

: : :

Z

1

u

n � 1

du

n

e

� �u

n

E

x

( f ( X

u

1

) : : : f ( X

u

n

)) :

Conditioning on X

u

n � 1

and using the strong Mark o v prop ert y w e get

c

M

n

( �; x ) = n !

Z

1

0

du

1

: : :

Z

1

u

n � 2

du

n � 1

e

� �u

n � 1

E

x

( f ( X

u

1

) : : : f ( X

u

n � 1

) R

�

f ( X

u

n � 1

))

where w e ha v e used that

E

x

 

Z

1

u

n � 1

e

� � ( u

n

� u

n � 1

)

f ( X

u

n

) du

n

�

�

�

X

u

n � 1

!

= E

x

�

Z

1

0

e

� �u

f ( X

u

n � 1

+ u

) du

�

�

�

X

u

n � 1

�

= E

X

u

n � 1

�

Z

1

0

e

� �u

f ( X

u

) du

�

= R

�

f ( X

u

n � 1

) :

Iterating this argumen t, w e arriv e at

c

M

n

( �; x ) = n !

Z

R

�

( x; dx

1

) f ( x

1

)

Z

R

�

( x

1

; dx

2

) : : : f ( x

n � 1

)

Z

R

�

( x

n � 1

; dx

n

) f ( x

n

)

whic h in short notation

 

0

( �; x ) := 0 ;  

1

( �; x ) := R

�

f ( x ) ; : : : ;  

n

( �; x ) :=

Z

R

�

( x; dx

1

) f ( x

1

)  

n � 1

( �; x

1

)

tak es the form

c

M

n

( �; x ) = n !  

n

( �; x ) :

2) In a next step w e pro v e that there is some sequence of constan ts ( K

n

)

n

suc h that for all n the

follo wing (+) and (++) hold:

(+)

 

n

( �; x )

( v (

1

�

))

n

� K

n

8 �; x

(++)

 

n

( �; x )

( v (

1

�

))

n

� !

� # 0

( � ( f ))

n

8 x:
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The pro of is b y induction on n . The case n = 1 is lemma 5.3 together with v (

1

�

) � 1. F or arbitrary

n > 1, w e write

 

n

( �; x )

( v (

1

�

))

n

� ( � ( f ))

n � 1

 

1

( �; x )

v (

1

�

)

=

1

v (

1

�

)

Z

R

�

( x; dx

1

) f ( x

1

)

"

 

n � 1

( �; x

1

)

( v (

1

�

))

n � 1

� ( � ( f ))

n � 1

#

(5.5)

and decomp ose again

R

�

= R

1

�

+ R

2

�

according to lemma 5.2. Assuming (+) and (++) for n � 1, the expression [ : : : ] in square brac k etts

in (5.5) con v erges to 0 p oin t wise in x

1

as � # 0, and is b ounded b y K

n � 1

+ ( � ( f ))

n � 1

. Th us

f 2 L

1

+

( � ) implies

x

1

7! f ( x

1

) j [ : : : ] j 2 L

1

+

( � )

and the last function is w eakly sp ecial since f is w eakly sp ecial. Using this prop ert y , w e ha v e

�

�

�

�

�

1

v (

1

�

)

Z

R

1

�

( x; dx

1

) f ( x

1

)[ : : : ]

�

�

�

�

�

�

K

n � 1

+ � ( f )

n � 1

v (

1

�

)

� C ! 0 ( � # 0)

for all x , and dominated con v ergence and the de�nition of R

2

�

giv e

�

�

�

�

�

1

v (

1

�

)

Z

R

2

�

( x; dx

1

) f ( x

1

)[ : : : ]

�

�

�

�

�

�

Z

� ( dx

1

) f ( x

1

) � j [ : : : ] j ! 0 ( � # 0)

whic h implies (+) and (++) for n .

3) Assertion (i) in lemma 5.4 is pro v ed b y (++). F rom (5.5), w e then pro v e b y induction also

assertion (ii) of 5.4, using exactly the same argumen ts as in step 2) ab o v e. 2

F or sak e of completeness, w e no w include the pro of of the Darling-Kac theorem, under assumpti-

ons (H1), (H3), and (H4), and th us in a v ersion where the use of w eakly sp ecial functions a v oids

Darling-Kac conditions. The principal assertion of theorems 5.6.A and 5.6.B is that if w e ha-

v e w eak con v ergence of (one-dimensional marginals of ) additiv e functionals of X , then norming

functions are automatically regularly v arying.

5.6.A Theorem : ([D-K 57], [B-G-T 87, c h. 8.11], [T ou 88]) Consider an additiv e functional

( A

t

)

t � 0

of X , � -in tegrable and suc h that E

�

( A

1

) > 0. If w e ha v e con v ergence in la w under P

x

( � )

A

t

v ( t )

w

� ! Y

to some limit v ariable Y suc h that L ( Y ) is not a Dirac measure, for some norming function v ( � )

( v : I R

+

! I R

+

nondecreasing, v ( t ) " 1 as t ! 1 ), then w e ha v e necessarily
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(i) v ( t ) � c � v ( t ) as t ! 1 for some c > 0, where v is giv en b y (5.1);

(ii) v 2 R V

�

for some 0 � � < 1;

(iii)

1

v ( t )

A

t

w

� ! E

�

( A

1

) � W

�

1

under P

x

where the norming constan t for � is as in (4.11'), and where W

0

1

� exp(1) is de�ned for � = 0 in

accordance with 2.8 (the sp ecial case of a Mittag-Le�er la w with parameter 0).

5.6.B Theorem : Under all assumptions of 5.6.A except that the limit v ariable Y in ( � ) is

replaced b y a constan t y 2 (0 ; 1 ), w e ha v e the follo wing:

(i) v ( t ) � c � v ( t ) as t ! 1 for some c > 0, where v is giv en b y (5.1);

(ii) v 2 R V

1

;

(iii)

1

v ( t )

A

t

w

� ! E

�

( A

1

) under P

x

with norming constan t of (4.11').

W e add a remark b efore pro ving the theorems.

5.7 Remark : a) Remark 2.8 sho ws that the limiting case � = 0 of a Mittag-Le�er pro cess

is a pro cess with time-indep enden t marginals on the strictly p ositiv e half axis: the pro cess has

the form W

0

= � 1

(0 ; 1 )

where � is exp onen tially distributed with parameter 1. This pro cess is

not con tin uous and th us will not arise in the setting of theorem 3.1 where - under the Lindeb erg

condition - limit pro cesses will b e con tin uous.

b) F or 0 < � � 1, (4.2)-(4.4) guaran tee that the norming function v of (5.1) in theorems 5.6.A

and 5.6.B coincides (up to asymptotic equiv alence) with the norming functions used in theorems

3.1 and 3.2 (or in 4.12).

c) By (i) in lemma 5.3, w e can replace the norming function v of (5.1) b y a resolv en t of a sp ecial

function - for an arbitrary starting p oin t x - and th us giv e a v ersion of 5.6.A and 5.6.B where

a life cycle decomp osition of the pro cess X do es not app ear in the form ulation of the theorem.

This will b e imp ortan t for section 7.
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5.8 Pro of of 5.6.A and 5.6.B : By the ratio limit theorem, it is su�cien t to pro v e the theorems

for additiv e functionals of form

A

t

=

Z

t

0

f ( X

s

) ds

where the function f is w eakly sp ecial. W.l.o.g., w e can tak e � ( f ) = 1. This will b e assumed in

the sequel. The pro of, follo wing [B-G-T 87, p. 392], is in sev eral steps. During the �rst ones, w e

consider a limit v ariable Y in ( � ) whose la w (certainly concen trated on [0 ; 1 )) is not a Dirac

measure at 0; this is the common assumption in 5.6.A and 5.6.B.

1) Lemma 5.4 giv es

Z

1

0

�e

� �t

E

x

 

( A

t

)

n

( v (

1

�

))

n

!

dt � ! n ! ( � # 0)

or after substituting u = �t

Z

1

0

e

� u

E

x

�

( A

u=�

)

n

( v (1 =� ))

n

�

du � ! n ! :

Cho ose some r.v. T exp onen tially distributed with parameter 1, and indep enden t of the pro cess

X . Then the last con v ergence is

8 n : E

x

�

( A

T =�

)

n

( v (1 =� ))

n

�

! n ! ( � # 0) :(5.9)

But ( n !) is the sequence of momen ts of the exp onen tial la w exp (1) with parameter 1, whic h is

uniquely determined b y its momen ts: b y the metho d of momen ts, w e ha v e w eak con v ergence

A

T =�

v (1 =� )

� ! � ( � # 0)

where � � exp (1), or

Z

1

0

e

� t

P

x

�

A

t=�

v (1 =� )

� c

�

dt � ! 1 � e

� c

8 c � 0 :(5.10)

2) W e ha v e assumed w eak con v ergence

A

t=�

v ( t=� )

w

! Y as � # 0, for some r.v Y whose la w is not a

Dirac measure at 0. Consider functions g

�

( t ) :=

v ( t=� )

v (1 =� )

whic h are nondecreasing in t for �xed � .

Helly's selection pro cedure applied to families f g

�

n

: n � 0 g (distribution functions of � -�nite

measures) allo ws to select for ev ery sequence ( �

n

)

n

with �

n

# 0 a subsequence ( �

n

0

)

n

0

and some

non-decreasing function g taking v alues in [0 ; 1 ] suc h that at all con tin uit y p oin ts t of g

v ( t=�

n

0

)

v (1 =�

n

0

)

� !

( n

0

)

g ( t ) :(5.11)
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W e tak e g righ t-con tin uous. Let G denote the distribution function of Y . Along the sequence

( �

n

0

)

n

0

, w e write the l.h.s of (5.10) as

Z

1

0

e

� t

P

x

 

A

t=�

n

0

v ( t=�

n

0

)

� c

v (1 =�

n

0

)

v ( t=�

n

0

)

!

dt:(5.12)

A t con tin uit y p oin ts t of b oth G and g and along ( �

n

0

)

n

0

, the probabilit y in the in tegrand con v erges

to P ( Y � c=g ( t )) = G ( c=g ( t )) (with c= 0 = 1 , c= 1 = 0); there are at most coun tably man y suc h

discon tin uities. So (5.10) giv es

8 c � 0 :

Z

1

0

e

� t

G ( c=g ( t )) dt = 1 � e

� c

:(5.13)

F rom (5.13) w e see that g is (0 ; 1 )-v alued: g � 1 on some half axis [ t

0

; 1 ) w ould imply that the

in tegrand in (5.13) equals G (0) e

� t

on [ t

0

; 1 ) whic h is imp ossible: let c " 1 in (5.13), and recall

that G (0) < 1 b y assumption. A similiar argumen t excludes cases where g � 0 on some [0 ; t

0

).

So g tak es v alues in (0 ; 1 ), and (5.13) reads

P ( Y � g ( T ) � c ) = E ( G ( c=g ( T ))) = 1 � e

� c

; c � 0 :(5.14)

Here w e ha v e used that T and Y are indep enden t since T w as indep enden t of the pro cess X .

(5.14) with c = 0 then sho ws that also Y is (0 ; 1 )-v alued; th us w e ma y tak e logarithms and ha v e

log Y + log g ( T )

d

= log T :(5.15)

3) Consider c haracteristic functions '

Y

of log Y , '

g ( T )

of log g ( T ), '

T

of log T , then

'

Y

( u ) '

g ( T )

( u ) = '

T

( u ) ; u 2 I R :(5.16)

None of these can tak e the v alue 0 since

'

T

( u ) =

Z

x

iu

e

� x

dx = �(1 + iu ) 6= 0 ; u 2 I R :

So '

g ( T )

= '

T

='

Y

is uniquely determined from Y , so the distribution function of g ( T ) and th us

the (righ t-con tin uous) function g itself are uniquely determined from Y . In particular, g do es not

dep end on c hoice of subsequences ( �

n

0

)

n

0

of sequences ( �

n

)

n

, so (5.11) is impro v ed to

v ( t=� )

v (1 =� )

� !

� # 0

g ( t ) for almost all t(5.17)

whic h giv es

v ( t=� )

v (1 =� )

� !

� # 0

g ( t )

g (1)

for almost all t .(5.18)
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But (5.17) and (5.18) imply

v 2 R V

�

; g ( t ) = g (1) t

�

; v 2 R V

�

; v ( t ) � g (1) v ( t ) as t " 1(5.19)

for some � 2 I R ; necessarily � � 0 since g is nondecreasing.

4) It remains to sho w that not all cases � � 0 can o ccur in (5.19), and to iden tify the limit

la w L ( Y ); b y (5.17) - (5.19) and in virtue of (5.14), w e ha v e sp eci�ed the initial assumption on

con v ergence in la w to

A

t

v ( t )

w

! g (1) Y as t " 1 ;(5.20)

for some r.v Y concen trated on (0 ; 1 ).

i) If � = 0, then the function g is constan t b y (5.19), so (5.14) sho ws that g (1) Y has la w exp (1).

ii) Consider the case 0 < � < 1. Since A

t

=

R

t

0

f ( X

s

) ds where f is sp ecial and � ( f ) = 1, w e apply

lemma 5.4 a) whic h giv es the asymptotics as � # 0 of the Laplace transform

b

U

n

of the measure

U

n

( ds ) := M

n

( s; x ) ds :

b

U

n

( � )

� # 0

�

1

�

n !

�

v (

1

�

)

�

n

:

Since v 2 R V

�

, the T aub erian theorem ([B-G-T 87, p. 37]) giv es

U

n

([0 ; t ])

t "1

�

t n ! ( v ( t ))

n

�(2 + �n )

;

since M

n

( � ; x ) is b y de�nition monotone, the monotone densit y theorem ([B-G-T 87, p. 39]) sho ws

M

n

( t; x )

t "1

�

n ! ( v ( t ))

n

�(1 + �n )

whic h w e write in the form

E

x

��

A

t

v ( t )

�

n

�

� !

n !

�(1 + �n )

; t ! 1(5.21)

for arbitrary n 2 I N . On the r.h.s of (5.21), w e �nd the sequence of momen ts of the Mittag-Le�er

v ariable W

�

1

, cf. 2.8: so the metho d of momen ts giv es con v ergence in la w under P

x

A

t

v ( t )

w

! W

�

1

; t ! 1(5.22)

and th us sp eci�es the limit la w in (5.20).

iii) W e sho w that under the assumptions of theorem 5.6.A, other cases � > 0 except 0 < � < 1

are imp ossible. Indeed, the ratio limit theorem and (5.20) - where � ( f ) = 1 - imply con v ergence

in la w

N

t

v ( t )

w

! g (1) Y ; t ! 1 ;(5.23)
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with notations as in the pro of of theorem 4.12. v b eing regularly v arying b y (5.19) with p ositiv e

index, the argumen ts in step 3) of the pro of of 4.12 sho w that w e ha v e w eak con v ergence of

R

n

a ( n )

as n ! 1 to some limit la w whic h is concen trated on (0 ; 1 ) and whic h is not a Dirac measure;

here a ( � ) is an asymptotic in v erse of v . Then theorem 2.4.A com bined with (4.2)-(4.4) and (5.1)

sho w that the index � of regular v ariation of v is necessarily in (0 ; 1). So all assertions of theorem

5.6.A are pro v ed.

iv) W e sho w that under the assumptions of theorem 5.6.B, all cases � 6= 1 are imp ossible. Steps

i) and ii) ab o v e exclude 0 � � < 1. With the same argumen ts as in iii) except that

R

n

a ( n )

no w

con v erges in probabilit y as n ! 1 to some stricly p ositiv e constan t, w e apply theorem 2.4.B

com bined with (4.2)-(4.4) and (5.1) to sho w that the index � of regular v ariation of v necessarily

equals 1. Then g in (5.19) is linear, so g (1) Y = 1 b y (5.14), and all assertions of theorem 5.6.B

are pro v ed. 2

No w w e turn to con v ergence of martingales M 2 M

2 ; lo c

( P

x

; I F ), on a space (
 ; A ; I F ) as in section

1. Theorems 5.6.A and 5.6.B con tain one essen tial argumen t for the pro of of the 'necessary' part

of theorem 3.1; the other is the follo wing.

5.24 Theorem : Consider M 2 M

2

lo c

( P

x

; I F ) whose angle and square brac k ett are � -in tegrable

additiv e functionals of X . F or some norming function v ( � ), let

M

n

=

 

1

p

v ( n )

M

tn

!

t � 0

con v erge (w eakly in D ( I R

+

; I R ), under P

x

, as n ! 1 ) to some limit pro cess W = ( W

t

)

t � 0

suc h

that W

0

= 0 and L ( W

1

) is not the Dirac measure at 0, and assume that the sequence ( M

n

)

n

satis�es the Lindeb erg condition

1

v ( n )

Z

tn

0

Z

j x j

2

1

fj x j >"

p

v ( n ) g

� ( ds; dx ) � ! 0 in P

x

-probabilit y , for all t , all " > 0(5.25)

where � ( ds; dx ) is the P

x

-comp ensator of the p oin t pro cess of jumps of M . Then the limit pro cess

W is a con tin uous lo cal martingale with resp ect to its o wn �ltration, and w e ha v e

( M

n

; [ M

n

]) � ! ( W ; < W > ) ; ( M

n

; < M

n

> ) � ! ( W ; < W > )(5.26)

(w eak con v ergence in D ( I R

+

; I R � I R ), under P

x

, as n ! 1 ).
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Pro of : W e decomp ose M

n

= M

n; 1

+ M

n; 2

where M

n; 1

has b ounded jumps j � M

n; 1

j � b and

where M

n; 2

is the comp ensated sum of 'big' (i.e. j � M

n

j > b ) jumps of M

n

. Then the Lindeb erg

condition (3.25) implies

P

�

sup

s � T

j M

n; 2

s

j > "

�

! 0 ( n ! 1 ) 8 T > 0

and th us

M

n; 2

w

! 0 ; M

n; 1

w

! W

(w eak con v ergence in D ( I R

+

; I R ), under P

x

, as n ! 1 ). Then b y [J-Sh 87, VI.3.26], the w eak

limit W is a con tin uous pro cess. By [J-Sh 87, IX.1.19], since M

n; 1

has b ounded jumps, W is a

lo cal martingale with resp ect to its o wn �ltration (let W b e de�ned on some (


0

; A

0

; P

0

), consider

the �ltration I F

0

generated b y W ). So W has brac k etts < W > = [ W ]. Again b y b oundedness of

jumps of M

n; 1

, [J-Sh 87, VI.6.1] giv es

( M

n

; [ M

n

]) � ! ( W ; < W > )

(w eak con v ergence in D ( I R

+

; I R � I R ), under P

x

, as n ! 1 ). In this last assertion, square brac k etts

can b e replaced b y angle brac k etts

( M

n

; < M

n

> ) � ! ( W ; < W > )

since < M > , [ M ] are additiv e functionals of X ha ving the same exp ected incremen t o v er life

cycles of X : this is again the RL T com bined with the argumen t of step 3) in the pro of of 4.12

that w eak con v ergence of increasing pro cesses to a con tin uous increasing pro cess is equiv alen t to

con v ergence of �nite dimensional marginals. 2

5.27 Pro of of theorem 3.1, 'necessary' condition : Consider ( M

n

)

n

as in 5.24. W e ha v e

to pro v e that if M

n

con v erges w eakly in D ( I R

+

; I R ) under P

x

as n ! 1 to some limit pro cess

W = ( W

t

)

t � 0

suc h that W

0

= 0 and L ( W

1

) is not the Dirac measure at 0, then necessarily the

tails of life-cycle length distributions in the pro cess X are regulary v arying as stated in theorem

3.1. First w e apply 5.24: W is con tin uous and a lo cal martingale, and w e ha v e con v ergence in la w

1

v ( n )

< M >

n

� ! < W >

1

as n ! 1 under P

x

, where also L ( < W >

1

) is not a Dirac measure at 0. Then 5.6.A and 5.6.B

apply to sho w the follo wing: if < W >

1

is a.s. constan t, then w e ha v e v 2 R V

1

and

1

v ( n )

< M >

n

� ! J
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where v is giv en b y (5.1) and J = E ( < M >

R

2

� < M >

R

1

); if < W >

1

is not a.s. constan t,

then v 2 R V

�

and

1

v ( n )

< M >

n

� ! J W

�

1

for some 0 � � < 1. It remains to exclude the case � = 0: if the norming function v is slo wly

v arying at 1 , then < W >

�

, the limit in la w of

1

v ( n )

< M >

�n

, and < W >

1

, the limit in la w

of

1

v ( �n )

< M >

�n

, necessarily ha v e the same la w exp (1); since < W > is increasing, its paths

m ust b e constan t on (0 ; 1 ); but < W > is con tin uous on [0 ; 1 ) with < W >

0

= 0 whic h is

a con tradiction. So 0 < � < 1, and b y (5.1) and (4.2)-(4.4), regular v ariation of the norming

function v is translated in to regular v ariation of tails of life-cycle length distributions of X as

sp eci�ed in theorem 3.1. 2

The 'necessary' part of theorem 3.1 in subsection 3.1 is th us pro v ed, under assumption (H1), (H3)

and (H4) for the pro cess, and under conditions m uc h w eak er than (H5

A

)+(H5

B

) on the martin-

gales under consideration. It remains to pro v e prop osition 3.4 whic h giv es a su�cien t condition {

in terms of upp er b ounds for the life cycle v ariable R

1

{ for existence of w eakly sp ecial functions

for X and R

1

. In fact, the only assumption whic h w e need for this is (H1).

5.28 Pro of of prop osition 3.4 : W e assume only Harris recurrence (H1) of the pro cess X .

The pro of is in sev eral steps.

1) Consider �rst the pro cess X = ( X

t

)

t � 0

at jump times �

n

of an indep enden t P oisson pro cess

with rate 1: b y theorem 1.4, w e ha v e (H2), i.e. the discrete-time pro cess X = ( X

�

n

)

n 2 I N

is Harris

with in v arian t measure � . Revuz terms f : E ! I R

+

a sp e cial function for X (see [Re 75, p. 182,

p. 48]) if f is E -measurable and if

x ! E

x

 

1

X

n =1

(1 � h ( X

�

1

)) � � � (1 � h ( X

�

n � 1

)) f ( X

�

n

)

!

is b ounded in x 2 E , for ev ery h 2 U

+

ha ving � ( h ) > 0; here U

+

denotes the set of E -measurable

functions h on E with 0 � h ( � ) � 1. Sp ecial functions of X do exist, see [Re 75, 6.4.3 and 6.4.6];

the set of sp ecial functions forms a con v ex cone in L

1

( � ) ([Re 75, 6.4.2]); th us in particular sp ecial

functions exist whic h are b ounded.

2) W e pro v e that for h 2 U

+

with � ( h ) > 0 and f � 0 measurable, one has

E

x

 

1

X

n =1

(1 � h ( X

�

1

)) � � � (1 � h ( X

�

n � 1

)) f ( X

�

n

)

!

= E

x

�

Z

1

0

f ( X

t

) e

�

R

t

0

h ( X

s

) ds

dt

�

:(5.29)
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Indeed, �

n

has la w �( n; 1), and

�

�

1

�

n

; : : : ;

�

n � 1

�

n

�

is indep enden t of �

n

and distributed as the order

statistics of n � 1 uniform r.v.'s on (0 ; 1); th us the summands on the l.h.s of (5.29) are

E

x

�

(1 � h ( X

�

1

)) � � � (1 � h ( X

�

n � 1

)) f ( X �

n

)

�

= E

x

0

@

Z

1

0

dt e

� t

f ( X

t

)

Z

t

0

dt

1

Z

t

t

1

dt

2

: : :

Z

t

t

n � 2

dt

n � 1

e

n � 1

P

i =1

g ( X

t

i

)

1

A

with g := log (1 � h ), for n 2 I N . Fix some t and de�ne functions S

m

( � ) = S

t

m

( � ) on [0 ; t ] b y

S

0

( r ) � 1 ; S

1

( r ) :=

Z

t

r

dr

0

e

g ( X

r

0

)

; S

m

( r ) :=

Z

t

r

dt

1

Z

t

t

1

dt

2

: : :

Z

t

t

m � 1

dt

m

e

m

P

i =1

g ( X

t

i

)

; m � 2 :

Note that S

m

( r ) �

t

m

m !

and that S

m

( r ) =

R

t

r

dr

0

e

g ( X

r

0

)

S

m � 1

( r

0

) for m � 1. De�ning S ( � ) = S

t

( � ) :=

P

m � 0

S

m

( � ) on [0 ; t ], w e ha v e

d

dr

S ( r ) = � e

g ( X

r

)

S ( r ) and S

t

( t ) = 1, th us

S

t

( r ) =

X

m � 0

S

m

( r ) = e

R

t

r

(1 � h )( X

r

0

) dr

0

; 0 � r � t:

As a consequence, w e ha v e written the l.h.s of (5.29) as

E

x

 

Z

1

0

dt e

� t

f ( X

t

)

1

X

n =1

S

t

n � 1

(0)

!

= E

x

�

Z

1

0

dt f ( X

t

) e

�

R

t

0

h ( X

s

) ds

�

whic h is the assertion.

3) W e giv e an in terpretation of the r.h.s of (5.29) in terms of p osition-dep enden t killing of the

strong Mark o v pro cess X = ( X

t

)

t � 0

at rate h 2 U

+

with � ( h ) > 0: giv en that X has not b een

killed up to time r , it will b e killed in a small time in terv al ( r ; r + � ] with probabilit y � h ( X

r

) + o ( � ).

First, for h b ounded a w a y from 0 and for f b ounded, partial in tegration

E

x

�

Z

1

0

f ( X

t

) e

�

R

t

0

h ( X

s

) ds

dt

�

= E

x

�

Z

1

0

dr h ( X

r

) e

�

R

r

0

h ( X

s

) ds

Z

r

0

f ( X

v

) dv

�

;

allo ws to write the r.h.s of (5.29) as

E

x

 

Z

b

T

h

0

f ( X

t

) dt

!

where

b

T

h

is the killing time, de�ned on an extension of the sto c hastic basis (
 ; A ; I F ). Second,

sto c hastic ordering of

b

T

h

n

as h

n

# h and monotone con v ergence sho w

E

x

�

Z

1

0

f ( X

t

) e

�

R

t

0

h ( X

s

) ds

dt

�

= E

x

 

Z

b

T

h

0

f ( X

t

) dt

!
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for arbitrary h 2 U

+

with � ( h ) > 0 and f � 0; note that

b

T

h

< 1 P

x

-a.s for all x 2 E since

� ( h ) > 0.

4) W rite

b

T

B

if h = 1

B

, for B 2 E with � ( B ) > 0, and let S

B

denote the �rst en try time of the

discrete c hain X to B : then (5.29) yields

E

x

 

S

B

X

n =1

f ( X

�

n

)

!

= E

x

 

Z

b

T

B

0

f ( X

t

) dt

!

; x 2 E :(5.30)

If f is a sp ecial function of X as in 1), the expressions in (5.29), for h 2 U

+

with � ( h ) > 0, and

in (5.30), for B 2 E with � ( B ) > 0, are b ounded functions of x 2 E . F rom no w on, w e will omit

the reference to X and sp eak for short during this pro of of sp ecial functions.

Consider a �rst en try time T

B

to B

T

B

:= inf f t > 0 :

Z

t

0

1

B

( X

s

) ds > 0 g �

b

T

B

;

then T

B

is a I F -stopping time, and b y construction, b et w een T

B

and

b

T

B

, the pro cess X has to

sp end an indep enden t exp onen tial time in the set B . In particular, for B = E , S :=

b

T

E

is an

indep enden t exp onen tial time. Comparison with (5.30) sho ws: if f is sp ecial, then

E

x

�

Z

T

B

0

f ( X

t

) dt

�

; E

x

 

Z

b

T

B

0

f ( X

t

) dt

!

; E

x

�

Z

S

0

f ( X

t

) dt

�

(5.31)

( B 2 E with � ( B ) > 0) are b ounded functions of x 2 E .

5) Consider no w a recurren t atom A 2 E for X and a life cycle decomp osition ( R

n

)

n

as in 1.9.A+B

suc h that R

1

has the form sp eci�ed in prop osition 3.4:

R

1

� S

0

+ ( max

1 � j � l

T

B

j

) � #

S

0

; S

0

� max

1 � i � k

b

T

h

i

(5.32)

where B

j

2 E ha v e p ositiv e in v arian t measure � ( B

j

) > 0, 1 � j � l , and where h

i

are E -

measurable, [0 ; 1]-v alued, with � ( h

i

) > 0. By the strong Mark o v prop ert y , for f sp ecial and

b ounded,

x � ! E

x

�

Z

R

1

0

f ( X

t

) dt

�

� E

x

0

@

Z

S

0

0

f ( X

t

) dt +

l

X

j =1

E

X

S

0

 

Z

b

T

B

j

0

f ( X

v

) dv

!

1

A

:

using (5.31), this is is again a b ounded function in x 2 E . Th us w e ha v e pro v ed that for R

1

meeting (5.32), sp ecial functions for X are w eakly sp ecial for X and R

1

. This is the assertion of

prop osition 3.4. 2
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6 Nummelin splitting in discrete time

The results of subsection 3.1 w ere form ulated under the assumption that a Harris pro cess X =

( X

t

)

t � 0

has a recurren t atom A suc h that suitably de�ned exit times ( R

n

)

n

from this atom de-

comp ose the tra jectory of X in to a sequence of i.i.d life cycles. Unfortunately , man y in teresting

pro cesses X do not p ossess suc h recurren t atoms.

Nummelin ([Num 78]) sho w ed that discrete-time Harris c hains can b e em b edded as �rst com-

p onen t in to a a t w o-dimensional Harris c hain (the 'split' c hain) where the second comp onen t

in tro duces a recurren t atom of p ositiv e mass. As a preparation to section 7, w e retrace the ap-

proac h of Nummelin in case of discrete time.

In this section, w e consider a Mark o v c hain Y = ( Y

n

)

n 2 I N

0

taking v alues in a P olish space ( E ; E ),

with one-step transition k ernel P ( x; dy ), and assume that Y is Harris with in v arian t measure � .

Nummelin used the follo wing minorization assumption(s) ( M

k

), k 2 I N .

6.1 Minorization assumption ( M

k

) : There is some E -measurable function h : E ! [0 ; 1]

with � ( h ) > 0 and some probabilit y measure � on ( E ; E ) suc h that

P

k

( x; A ) � h ( x ) � ( A ) 8 x 2 E ; 8 A 2 E :

F or our purp oses, the discrete time c hain Y of in terest will b e X = ( X

�

n

)

n

, i.e. the con tin uous-

time Harris pro cess X = ( X

t

)

t � 0

ev aluated after indep enden t exp onen tial w aiting times; hence

P ( x; dy ) will b e the p oten tial k ernel U

1

( x; dy ) and � the in v arian t measure of X , cf. pro of of

theorem 1.2 and theorem 1.4. The main result of the this section is prop osition 6.7: it states that

in case P ( x; dy ) = U

1

( x; dy ), the minorization assumption ( M

1

) is automatically satis�ed.

Under ( M

1

), Nummelin splitting transforms the state space ( E ; E ), measures � on ( E ; E ), tran-

63



sition probabilities P ( � ; � ) on ( E ; E ), ..., as follo ws. F or p oin ts x 2 E and sets A 2 E , split

E 3 x

x

0

:= ( x; 0) 2 E

0

:= E � f 0 g

%

&

x

1

:= ( x; 1) 2 E

1

:= E � f 1 g

E 3 A

A

0

:= A � f 0 g � E

0

%

&

A

1

:= A � f 1 g � E

1

:

W e write

E

�

:= E

0

�

[ E

1

; E

�

= � ( A

0

; A

1

: A 2 E )

and iden tify sets A 2 E with their pre-image under the pro jection from E

�

to E :

E 3 A  ! A � f 0 ; 1 g 2 E

�

:

By ( M

1

) with h as there, a � -�nite measure � on ( E ; E ) splits according to

� ( A )

R

1

A

( x ) h ( x ) � ( dx ) =: �

�

( A

1

)

%

&

R

1

A

( x )(1 � h )( x ) � ( dx ) =: �

�

( A

0

) ;

A 2 E ; this de�nes a � -�nite measure �

�

on ( E

�

; E

�

) suc h that

�

�

( A � f 0 ; 1 g ) = � ( A ) ; A 2 E :

Iden tifying A 2 E with A � f 0 ; 1 g 2 E

�

as ab o v e, w e write again � for the restriction of �

�

to the

sub- � -�eld f A � f 0 ; 1 g : A 2 E g of E

�

. Extending E -measurable f : E ! I R to ( E

�

; E

�

) via

f ( x

0

) := f ( x ) =: f ( x

1

) ; x 2 E ;

w e ma y consider in tegrals

Z

E

f d� =

Z

E

�

f d�

without distinction on either ( E ; E ) or ( E

�

; E

�

).
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Next, one uses ( M

1

) and the k ernel h 
 � ( x; dy ) := h ( x ) � ( dy ) to transform the transition k ernel

P ( � ; � ) on ( E ; E ). The aim is to de�ne a transition probabilit y P

�

( � ; � ) on ( E

�

; E

�

) suc h that

i) the original Mark o v c hain Y = ( Y

n

)

n 2 I N

0

ev olving under P is em b edded as �rst comp onen t in to

a new c hain Y

�

= ( Y

�

n

)

n 2 I N

0

on ( E

�

; E

�

) ev olving under P

�

( � ; � ): w e then write Y

�

n

= ( Y

n

; "

n

);

ii) transitions a w a y from p oin ts x

1

= ( x; 1) 2 E

1

do no longer k eep trace of the �rst comp onen t

x of p oin ts in E

1

: th us E

1

2 E

�

will b ecome an atom for Y

�

.

T o get i) and ii), one has to solv e

E

0

E E

1

�

�

( dx

0

) = (1 � h )( x ) � ( dx )  � � ( dx ) � ! h ( x ) � ( dx ) = �

�

( dx

1

)

P

�

( x

0

; dy ) & . P

�

( x

1

; dy ) := � ( dy )

: : :  � � ( dx ) P ( x; dy ) � ! : : :

whic h { noticing that � ( dy ) =

1

h ( x )

( h 
 � )( x; dy ) whenev er h ( x ) > 0 { leads to a k ernel P

�

( � ; � )

de�ned for p oin ts x

�

in E

�

= E � f 0 ; 1 g b y

P

�

( x

i

; dy ) =

8

>

<

>

:

1

1 � h ( x )

( P � h 
 � )( x; dy ) if i = 0 and h ( x ) < 1

� ( dy ) else .

So far, w e ha v e de�ned P

�

( x

�

; dy ) as a transition probabilit y from ( E

�

; E

�

) to ( E ; E ): it remains

to split all measures P

�

( x

�

; dy ), x

�

2 E

�

, according to the ab o v e rule (from y to y

0

= ( y ; 0)

with probabilit y 1 � h ( y ), and to y

1

= ( y ; 1) with probabilit y h ( y )) to de�ne the desired transition

k ernel P

�

( x

�

; dy

�

) on ( E

�

; E

�

).

Resuming this discussion, w e obtain

6.2 Prop osition : Consider a discrete time c hain Y = ( Y

n

)

n 2 I N

0

with one-step transition k ernel

P ( � ; � ) on ( E ; E ) satisfying ( M

1

), with arbitrary initial distribution � . Consider a c hain ( Y

�

n

)

n

on

( E

�

; E

�

) with one-step transition k ernel P

�

( � ; � ) as de�ned ab o v e, and with starting la w �

�

.

(i) F or arbitrary N � 1 and A

n

2 E ; 0 � n � N , w e ha v e

P

�

( Y

n

2 A

n

; 0 � n � N ) = P

�

�

( Y

�

n

2 A

n

� f 0 ; 1 g ; 1 � n � N )
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th us the �rst comp onen t of Y

�

is equal in la w to the original c hain Y . (Moreo v er, w e ma y

construct Y join tly with Y

�

suc h that Y is the �rst comp onen t of Y

�

= ( Y

n

; "

n

)

n

, the

second comp onen t ( "

n

)

n

taking v alues in f 0 ; 1 g .)

(ii) If Y is Harris with in v arian t measure � , then Y

�

is Harris with in v arian t measure �

�

:

�

�

( A

1

) =

Z

A

h ( x ) � ( dx ) ; �

�

( A

0

) =

Z

A

(1 � h )( x ) � ( dx ) ; A 2 E :

(iii) E

1

is an atom for Y

�

ha ving �

�

( E

1

) =

R

E

h ( x ) � ( dx ) > 0 :

T o apply 6.2, w e ha v e to b e able to c hec k the minorization condition ( M

1

).

6.3 Remark : In some cases one has explicit densities p ( � ; � ), E 
 E -measurable,

P ( x; dy ) = p ( x; y ) m ( dy ) ; x; y 2 E

with resp ect to some � -�nite measure m on ( E ; E ) whic h is equiv alen t to the in v arian t measure

� , and one can sp ecify some set C 2 E ha ving

8

>

<

>

:

inf

( x;y ) 2 C � C

p ( x; y ) > 0

m ( C ) > 0 (w.l.o.g also m ( C ) < 1)

(th us C will b e visited in�nitely often, and also transitions C ! C will o ccur in�nitly often):

then for x 2 E , A 2 E

P ( x; A ) � P ( x; A \ C ) =

Z

1

A \ C

( y ) p ( x; y ) m ( dy )

� 1

C

( x )

�

inf

( x;y ) 2 C � C

p ( x; y )

�

m ( A \ C )

� h ( x ) � ( A ) = ( h 
 � )( x; A )

where the function h and the probabilit y measure � are giv en in terms of the set C alone

8

>

<

>

:

h := 1

C

�

inf

( x;y ) 2 C � C

p ( x; y ) ^ 1

�

m ( C ) = � 1

C

� := m ( � \ C ) =m ( C )

for some � 2 (0 ; 1). In this case, the minorization condition ( M

1

) holds in a v ery particular form,

with h and � determined from C . 2
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This leads to the follo wing sharp er form of minorization conditions ( M

k

), k � 1:

6.4 Minorization assumption (

f

M

k

) : There is some set C 2 E with � ( C ) > 0, some probabilit y

measure � on ( E ; E ) equiv alen t to � ( � \ C ), some function h of form � 1

C

, � 2 (0 ; 1), suc h that

P

k

( x; A ) � h ( x ) � ( A ) 8 x 2 E ; 8 A 2 E :

W e quote the follo wing result from Revuz [Rev 75].

6.5 Prop osition : ([Rev 75, p. 160]) Consider a Harris c hain Y = ( Y

n

)

n 2 I N

0

taking v alues in

( E ; E ), E coun tably generated, with one-step transition k ernel P ( x; dy ) and in v arian t measure � .

Let m denote a probabilit y measure on ( E ; E ) whic h is equiv alen t to � . Then there is a family of

Leb esgue decomp ositions of k -step transition probabilities P

k

( x; � ) with resp ect to m

P

k

( x; dy ) = p

k

( x; y ) m ( dy ) +

�

P

k

( x; dy ) ; x; y 2 E ; k � 1

with the follo wing prop erties: p

k

( � ; � ) is E 
 E -measurable for all k � 1, and there is some set

C 2 E with m ( C ) > 0 and some in teger k 2 I N suc h that inf

( x;y ) 2 C � C

p

k

( x; y ) > 0.

As a consequence, arguing exactly as in remark 6.3 ab o v e, w e deduce from 6.5:

6.6 Prop osition : Consider a Harris c hain Y = ( Y

n

)

n 2 I N

0

taking v alues in ( E ; E ), E coun tably

generated, with one-step transition k ernel P ( x; dy ). Then there is some k � 1 suc h that the

minorization condition (

f

M

k

) is satis�ed.

W e apply this to the sp ecial situation of in terest for us.

6.7 Prop osition : Consider X = ( X

t

)

t � 0

, a con tin uous-time Harris pro cess with semigroup

( P

t

( � ; � ))

t � 0

and in v arian t measure � , taking v alues in a P olish space ( E ; E ).

Then for all 0 < � < 1 , the transition k ernels

�U

�

( x; dy ) =

Z

1

0

�e

� �t

P

t

( x; dy ) dt

satisfy a minorization condition (

f

M

1

).
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Pro of : Consider X

�

= ( X

�

n

)

n � 0

where �

n +1

� �

n

, n � 0, are i.i.d exp ( � )-w aiting times in-

dep enden t of X , �

0

= 0. Then �

n

has la w �( n; � ), and a mixture form ula for Gamma la ws

giv es

1

X

n =0

(1 � q ) q

n

�( n +1 ; � ) = �(1 ; � (1 � q ))

for arbitrary 0 < q < 1. Th us w e ha v e

� (1 � q ) U

� (1 � q )

=

1

X

n =0

(1 � q ) q

n

Z

1

0

�( n +1 ; � )( dt ) P

t

=

1

X

n =0

(1 � q ) q

n

( �U

�

)

n +1

:

Since X = ( X

t

)

t � 0

is b y assumption Harris, w e kno w from theorem 1.4 that (H2

�

) holds for

arbitrary 0 < � < 1 : th us X

�

with one-step transition k ernel �U

�

is b y assumption Harris.

Then prop osition 6.6 yields that at least one of the k ernels ( �U

�

)

n

, n � 1, satis�es a minorization

condition (

f

M

1

). So w e ha v e a minorization condition (

f

M

1

) also for �

0

U

�

0

where �

0

= � (1 � q ).

Since � and q w ere arbitrary , this pro v es the assertion. 2
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7 Nummelin-lik e splitting for general con tin uous time Harris pro-

cesses and pro ofs for subsection 3.3

The results of subsection 3.1 w ere form ulated under the assumption that the Harris pro cess

X = ( X

t

)

t � 0

under consideration has a life cycle decomp osition. This restrictiv e assumption will

b e remo v ed no w, and w e will pro v e the general results 'without life cycles' of subsection 3.3.

T ouati ([T ou 88]) used Nummelin splitting to argue that for Harris pro cesses X = ( X

t

)

t � 0

with

P olish state space, life cycles ma y alw a ys b e in tro duced arti�cially: he th us could state the main

theorem of section 3 without explicit reference to concrete life cycles of X , giving b y the w a y the

result in its most general form. Using quite di�eren t argumen ts, w e will pro v e this result in the

presen t section (theorems 7.16 and 7.20 b elo w).

The setting is the follo wing: w e consider a con tin uous-time strong Mark o v pro cess X = ( X

t

)

t � 0

with semigroup ( P

t

( � ; � ))

t � 0

, taking v alues in a P olish space ( E ; E ), and with c� adl� ag paths. Sligh t-

ly more restrictiv e than in section 1, w e tak e X as canonical pro cess on (
 ; A ; I F ), where 
 is

the Sk oroho d space D ( I R

+

; E ) with canonical � -�eld and with canonical �ltration; w e ha v e shifts

( #

t

)

t � 0

on (
 ; A ; I F ) (note that for results on w eak con v ergence of sto c hastic pro cesses, this c hoice

is no restriction of generalit y). W e do not assume more than

(H1): X = ( X

t

)

t � 0

is Harris with in v arian t measure � .

By theorem 1.4, w e kno w that (H1) implies the prop ert y

(H2): X = ( X

�

n

)

n � 0

is Harris, with �

n

� �

n � 1

iid exp (1)-w aiting times indep enden t of X

and that in virtue of prop osition 6.7 the follo wing holds:

(H6): The one-step transition k ernel U

1

( � ; � ) of X satis�es a minorization condition (

f

M

1

): there

is some set C 2 E with � ( C ) > 0, some probabilit y measure � on ( E ; E ) equiv alen t to � ( � \ C ),

and some 0 < � < 1 suc h that U

1

( x; dy ) � � 1

C

( x ) � ( dy ) , for all x; y 2 E .

W e start with em b edding X as �rst comp onen t in to a ric her Harris pro cess

�

X = (

�

X

t

)

t � 0

. T o

�

X w e will asso ciate pro cesses

e

X

m

whic h - close to

�

X if m is large - can b e equipp ed with a

recurren t atom

e

A

m

and a life cycle decomp osition (

e

R

m

n

)

n

. Then the idea is as follo ws: shifting

additiv e functionals of X to

e

X

m

b y means of ratio limit theorems, w e can apply theorem 3.1
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in

e

X

m

to pro v e that 'additiv e functionals of X con v erge as if X had life cycles', where norming

function and limiting pro cess are no w determined from regular v ariation at 0 of the resolv en t of X .

7.1 The pro cess

�

X : Prepare i.i.d. exp onen tial times �

n

; n � 1 ; and i.i.d. random v ariables

U

n

; V

n

, n � 1, uniformly distributed on (0 ; 1), all indep enden t and indep enden t of X . W rite

T

n

:= �

1

+ � � � + �

n

, n � 1, T

0

:= 0. De�ne the pro cess

�

X b y

�

X

t

:= ( X

t

; N

t

) ; N

t

= ( N

1

t

; N

2

t

; N

3

t

) := 1

[[0 ;T

1

[[

( t )( z ; u; v ) +

X

n � 1

1

[[ T

n

;T

n +1

[[

( t )( X

T

n

; U

n

; V

n

)

t � 0, under initial conditions

�

X

0

= ( x; z ; u; v ).

�

E := E � E � [0 ; 1] � [0 ; 1] is the state space for

�

X ,

equipp ed with Borel- � -�eld

�

E .

�

X is de�ned on a standard extension (

�


 ;

�

A ;

�

I F ; ( P

�x

)

�x 2

�

E

) of the original space (
 ; A ; I F ; ( P

x

)

x 2 E

):

for this extension, w e tak e also N as canonical pro cess on its canonical path space, the set of all

righ t-con tin uous piecewise constan t functions I R

+

! E � [0 ; 1] � [0 ; 1], with canonical � -�eld and

canonical �ltration; without am biguit y , w e write again ( #

t

)

t � 0

for the shifts on (

�


 ;

�

A ;

�

I F ). By

construction,

�

X is then the canonical pro cess on (

�


 ;

�

A ;

�

I F ),

�

I F the �ltration generated b y

�

X , and

the original pro cess X app ears no w as �rst comp onen t of

�

X .

Jumps in the N -comp onen t of

�

X o ccur at constan t rate 1; note that since the T

n

, n � 1, are

constructed from indep enden t exp onen tial w aiting times, they ha v e a.s. no in tersection with the

coun tably man y jump times of the original c� adl� ag pro cess X . Th us at a jump time T

n

, the

successor state

�

X

T

n

for

�

X

T

�

n

is selected according to K (

�

X

T

�

n

; � ), for the transition probabilit y

K ( ( x; z ; u; v ) ; d ( x

0

; z

0

; u

0

; v

0

) ) := �

( x;x )

( dx

0

; dz

0

) R ( du

0

; dv

0

)

on (

�

E ;

�

E ), where � denotes Dirac measure and R ( du; dv ) = 1

(0 ; 1)

( u ) du 1

(0 ; 1)

( v ) dv . Bet w een suc-

cessiv e jumps of the N -comp onen t, the X -comp onen t of

�

X ev olv es according to the semigroup of

X , and the N -comp onen t remains constan t. So w e are pasting together in a Mark o vian w a y pieces

of 'killed' strong Mark o v pro cesses; it is kno wn that this preserv es the strong Mark o v prop ert y ,

hence

�

X is strongly Mark o v with state space (

�

E ;

�

E ) (see [I-N-W 66 a,b], [I-N-W 68]).

W e will pro v e no w that

(7 : 1

0

) �� ( dx; dz ; du; dv ) := � ( dz ) R ( du; dv ) U

1

( z ; dx )
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is the in v arian t measure for

�

X . Since the discrete time pro cess ( X

T

n

)

n

is Harris with in v arian t

measure � and since U

1

( � ; A ) giv es the exp ected so journ time of X in A up to an indep enden t

exp onen tial time, (7.1') implies via 1.3 that the pro cess

�

X is again a Harris pro cess.

W e ha v e to sho w that �� de�ned b y (7.1') is in v arian t for the 1-p oten tial k ernel of

�

X . W rite

�

A := A

1

� A

2

� A

3

� A

4

for arbitrary A

1

; A

2

2 E , A

3

; A

4

2 B ([0 ; 1]). W rite � for an exp (1)-w aiting

time indep enden t of

�

X . Conditioning with resp ect to T

1

, the �rst jump of the N -comp onen t of

�

X , one has

E

( x;z ;u;v )

�

1

�

A

(

�

X

t

)

�

=

Z

t

0

dr e

� r

Z

E � [0 ; 1]

2

P

r

( x; dy ) R ( du

0

; dv

0

) E

( y ;y ;u

0

;v

0

)

�

1

�

A

(

�

X

t � r

)

�

+ e

� t

P

t

( x; A

1

) 1

A

2

( z ) 1

A

3

� A

4

( u; v )

for ev ery t > 0; in tegrating this equation w.r.t. e

� t

dt , w e get

E

( x;z ;u;v )

�

1

�

A

(

�

X

�

)

�

=

Z

E � [0 ; 1]

2

U

2

( x; dy ) R ( du

0

; dv

0

) E

( y ;y ;u

0

;v

0

)

�

1

�

A

(

�

X

�

)

�

+ U

2

( x; A

1

) 1

A

2

( z ) 1

A

3

� A

4

( u; v )

where U

2

is the 2-p oten tial k ernel of X . � b eing in v arian t for X , w e deduce from the last equation

with particular initial condition x = z

1

2

Z

E � [0 ; 1]

2

� ( dz ) R ( du; dv ) E

( z ;z ;u;v )

�

1

�

A

(

�

X

�

)

�

=

Z

E

� ( dz ) 1

A

2

( z ) U

2

( z ; A

1

) R ( A

3

� A

4

) :

As a consequence of b oth last equations, w e obtain for �� de�ned b y (7.1')

Z

�

E

�� ( dx; dz ; du; dv ) E

( x;z ;u;v )

�

1

�

A

(

�

X

�

)

�

=

1

2

Z

E � [0 ; 1]

2

� ( dy ) R ( du

0

; dv

0

) E

( y ;y ;u

0

;v

0

)

�

1

�

A

(

�

X

�

)

�

+

Z

E

� ( dz ) 1

A

2

( z )

�

U

1

U

2

�

( z ; A

1

) R ( A

3

� A

4

)

=

Z

E

� ( dz ) 1

A

2

( z )

�

U

2

+ U

1

U

2

�

( z ; A

1

) R ( A

3

� A

4

) :

An ob vious calculation on Gamma densities giv es

P

1

l =1

2

� l

�( l ; 2) = �(1 ; 1); since the transition

probabilit y 2 U

2

in v olv es a �(1 ; 2)-w aiting time, this giv es

P

1

l =1

2

� l

�

2 U

2

�

l

= U

1

and th us

�

U

2

+ U

1

U

2

�

=

1

2

�

(2 U

2

) + U

1

(2 U

2

)

�

= U

1

:

Hence the last in tegral equals �� ( A

1

� A

2

� A

3

� A

4

) = ��

�

�

A

�

whic h pro v es (7.1').
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No w w e asso ciate to the pro cess

�

X of 7.1 a family of pro cesses

e

X

m

, close to

�

X for large m .

T o do this, w e use (H6): whenev er X

T

n

visits the set C o ccurring in the minoration condition

(

f

M

1

), n � 1, w e will forget with probabilit y 2

� m

the 
uctuation of X on the remaining in terv al

]] T

n

; T

n +1

[[.

7.2 The pro cesses

e

X

m

, m � 0 : F or C of (H6) and

�

X = ( X ; N ) of 7.1, w e de�ne

e

X

m

t

=

X

n � 0

1

[[ T

n

;T

n +1

[[

( t )

�

�

X

t

1

f

�

X

T

n

2

�

E n F

C;m

g

+

�

X

T

n

1

f

�

X

T

n

2 F

C;m

g

�

; t � 0

with notation F

C ;m

:= E � C � (0 ; 2

� m

) � [0 ; 1].

View ed as

�

I F -adapted pro cess,

e

X

m

is a functional of

�

X :

e

X

m

t

coincides with

�

X

t

on in terv als where

�

X

t

visits ( E � C � (0 ; 2

� m

) � [0 ; 1])

c

, and remains constan t righ t-con tin uous as long as

�

X

t

visits

E � C � (0 ; 2

� m

) � [0 ; 1]. The N -comp onen t of

e

X

m

is the N -comp onen t of

�

X . In this sense,

e

X

m

is

close to

�

X if m is large.

Consider no w the (smaller) �ltration

e

I F

m

generated b y

e

X

m

alone. With resp ect to its o wn past

e

I F

m

,

e

X

m

is again strongly Mark o v: jumps of the N -comp onen t o ccur at constan t rate 1; at a

jump time T

n

, a successor state

e

X

m

T

n

for

e

X

m

T

�

n

is selected according to the transition probabilit y

K ( ( x; z ; u; v ) ; d ( x

0

; z

0

; u

0

; v

0

) ) on (

�

E ;

�

E ) giv en b y

(7 : 2

0

)

�

�

x

+ 1

C

( z )1

(0 ; 2

� m

)

( u )

�

U

1

( z ; � ) � �

x

��

( dx

0

) �

x

0

( dz

0

) R ( du

0

; dv

0

) ;

b et w een successiv e jumps of the N -comp onen t, the X -comp onen t of the pro cess

e

X

m

ev olv es ac-

cording to the semigroup of X whenev er

e

X

m

is in ( E � C � (0 ; 2

� m

) � [0 ; 1])

c

, and remains constan t

otherwise. With resp ect to

e

I F

m

,

e

X

m

is again Harris and has in v arian t measure

(7 : 2

00

) e�

m

( dx; dz ; du; dv ) := � ( dz ) R ( du; dv )

�

U

1

( z ; � ) + 1

C

( z )1

(0 ; 2

� m

)

( u )

�

�

z

� U

1

( z ; � )

��

( dx ) :

In the sense of equalit y of la ws of pro cesses, i.e. of probabilit y la ws on the Sk oroho d space

D ( I R

+

;

�

E ), w e shall alw a ys switc h b et w een these t w o in terpretations of

e

X

m

.

7.3 An atom for

e

X

m

: Let � , C , � b e giv en b y (H6). The Harris pro cess

e

X

m

with resp ect to

e

I F

m

admits an in terpretation in terms of Nummelin splitting with recurren t atom

e

A

m

:= E � C � (0 ; 2

� m

) � (0 ; � ) 2

�

E ; e�

m

(

e

A

m

) = � 2

� m

� ( C ) > 0 :
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Indeed, at a jump time T

n

, kno wing

e

X

m

T

�

n

and th us kno wing whether

e

X

m

w as constan t on

[[ T

n � 1

; T

n

[[ or not (this is seen from the N -comp onen t of

e

X

m

T

�

n

), w e can rewrite the transiti-

on k ernel K ( � ; � ) of (7.2') as follo ws:

i) on f N

T

�

n

=2 C � (0 ; 2

� m

) � [0 ; 1] g , w e select

e

X

m

T

n

according to

�

X

T

�

n

( dx

0

) �

x

0

( dz

0

) R ( du

0

; dv

0

)

(on this ev en t, X

T

�

n

is the �rst comp onen t of

e

X

m

T

�

n

);

ii) on f N

T

�

n

2 C � (0 ; 2

� m

) � [0 ; � ) g , w e select

e

X

m

T

n

according to

� ( dx

0

) �

x

0

( dz

0

) R ( du

0

; dv

0

) ;

iii) on f N

T

�

n

2 C � (0 ; 2

� m

) � [ �; 1] g , w e select

e

X

m

T

n

according to

1

1 � �

�

U

1

( X

T

n � 1

; dx

0

) � �� ( dx

0

)

�

�

x

0

( dz

0

) R ( du

0

; dv

0

)

(on this ev en t, X

T

n � 1

is the second comp onen t of

e

X

m

T

�

n

) in virtue of (H6).

Note that w e ha v e applied Nummelin's splitting tec hnique only b et w een those jump times of the

N -comp onen t of

e

X

m

where the pro cess

e

X

m

itself remained constan t.

As a consequence of 7.3,

e

X

m

has life cycles. In order to apply the results of subsection 3.1 to

e

X

m

, w e need (H4): w e ha v e to sp ecify a life cycle decomp osition (

e

R

m

n

)

n

for

e

X

m

suc h that w eakly

sp ecial functions for

e

X

m

and

e

R

m

1

do exist.

7.4 Prop osition : F or the pro cess

e

X

m

with recurren t atom

e

A

m

:= E � C � (0 ; 2

� m

) � (0 ; � ), w e

de�ne a life cycle decomp osition (

e

R

m

n

)

n

b y

e

R

m

1

:= S

0

+ T

(

e

A

m

)

c

� #

S

0

; S

0

:= inf f t :

e

X

m

t

2

e

A

m

g(7.5)

where T

(

e

A

m

)

c

is the �rst en try time to (

e

A

m

)

c

. Then for an y sp ecial function f for X , the function

�

f ( x; z ; u; v ) := f ( z ) on (

�

E ;

�

E ) is w eakly sp ecial for

e

X

m

and

e

R

m

1

.

Pro of : 1) First note that

e

R

m

1

is de�ned as the �rst en try time to (

e

A

m

)

c

follo wing the �rst

visit to the atom

e

A

m

; since � in 7.3 ii) is b y (H6) concen trated on C , a visit in

e

A

m

during an

indep enden t exp onen tial time leads with probabilit y � 2

� m

to another visit in

e

A

m

during a new
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indep enden t exp onen tial time. So ha ving en tered the atom, the so journ time of

e

X

m

in

e

A

m

is

distributed according to

X

j � 0

(1 � � 2

� m

)( � 2

� m

)

j

�( j + 1 ; 1) = �(1 ; 1 � � 2

� m

) :

2) Consider the original pro cess X . In virtue of (H1)+(H2), sp ecial functions f for X do exist,

cf. 5.28; w.l.o.g., w e tak e f b ounded. Put h := � 2

� m

1

C

with � , C as in 7.3. Since � ( C ) > 0 b y

(H6), w e ha v e with notations of 5.28

z ! E

z

 

Z

b

T

h

0

f ( X

s

) ds

!

is b ounded on E

where

b

T

h

is a killing time for p osition dep enden t killing of X at rate h . Prepare - on an extension

of (
 ; A ; I F ; P ) - a sequence �

n

" 1 suc h that �

i

� �

i � 1

, i � 0 are i.i.d � exp (1), �

0

= 0, and

prepare ( U

n

; V

n

) i.i.d � R ( du; dv ) for n � 0, all indep enden t and indep enden t of X . By (5.29)

w e see that

z ! E

z

0

@

X

n � 1

�

1 � h ( X

�

1

)

�

:::

�

1 � h ( X

�

n � 1

)

�

f ( X

�

n

)

1

A

is b ounded.

The exp ectation in the last relation is equal to

E

z

0

@

X

n � 1

�

1 � h

C ;m;�

( W

1

)

�

:::

�

1 � h

C ;m;�

( W

n � 1

)

�

f ( X

�

n

) ( �

n +1

� �

n

)

1

A

(7.6)

with notation h

C ;m;�

:= 1

C � (0 ; 2

� m

) � (0 ;� )

and W

j

:= ( X

�

j

; U

j

; V

j

): this is seen b y m ultiplying out

summands and using the indep endence assumptions.

3) Consider the pro cess N arising in the construction of

�

X and

e

X

m

. In notation of 7.1 and 7.2,

the exp ectation (7.6) equals

E

( z ;u;v )

�

Z

S + T

1

� S

T

1

( f � �

1

)( N

s

) ds

�

where w e de�ne

S := inf f t � T

1

: N

t

2 C � (0 ; 2

� m

) � (0 ; � ) g ;

where �

1

is the pro jection ( z ; u; v ) ! z and where u; v are arbitrary . So w e ha v e pro v ed in 2)+3)

( z ; u; v ) ! E

( z ;u;v )

�

Z

S + T

1

� S

T

1

( f � �

1

)( N

s

) ds

�

is b ounded on E � [0 ; 1] � [0 ; 1].(7.7)

4) Consider no w

e

X

m

. With notation

�

f ( x; z ; u; v ) := f ( z ) ; (7.7) reads

�x ! E

�x

�

Z

S + T

1

� S

T

1

�

f (

e

X

m

s

) ds

�

is b ounded on

�

E .

74



Noticing that

�

f is b ounded and that T

1

has la w exp (1), w e ma y replace the in terv al of in tegration

b y [[0 ; S + T

1

� S [[. By construction of the atom

e

A

m

in 7.3, the �rst en try time S

0

of

e

X

m

to

e

A

m

equals the �rst en try time of N to C � (0 ; 2

� m

) � (0 ; � ): th us w e ha v e S

0

� S . By step 1), the

in terv al [[ S

0

; S

0

+ T

(

e

A

m

)

c

� #

S

0

[[ has length distributed according to �(1 ; 1 � � 2

� m

). All this together

with the strong Mark o v prop ert y allo ws to deduce

�x ! E

�x

 

Z

e

R

m

1

0

�

f (

e

X

m

s

) ds

!

is b ounded on

�

E(7.8)

with

e

R

m

1

de�ned b y (7.5). W e ha v e pro v ed that for ev ery b ounded sp ecial function f of X ,

�

f ( x; z ; u; v ) := f ( z ) is w eakly sp ecial for

e

X

m

and

e

R

m

1

. 2

Remark : As a consequence of 7.2, 7.3 and 7.4, w e kno w that assumptions (H1)+(H3)+(H4)

hold for the pro cess

e

X

m

with atom

e

A

m

and with life cycles de�ned b y (7.5). So all results of

subsection 3.1 (or of sections 4+5) can b e applied to

e

X

m

.

Ho w ev er, w e ha v e to reform ulate the conditions on life cycle length distributions in

e

X

m

(whic h is

an arti�cial ob ject) in to conditions form ulated for the original pro cess X . After t w o preliminary

results, this will b e done in theorem 7.14.

7.9 Lemma : F or the life cycle decomp osition de�ned for

e

X

m

b y (7.5), put

e
v

m

( t ) :=

�

1 � E

�

e

�

1

t

(

e

R

m

2

�

e

R

m

1

)

��

� 1

; t > 0 :

a) F or 0 < � � 1 and

e

l

m

( � ) v arying slo wly at 1 , the follo wing assertions i) - iv) are equiv alen t:

i) er

m

( t ) :=

Z

t

0

P (

e

R

m

2

�

e

R

m

1

> x ) dx �

1

�(2 � � )

t

1 � �

e

l

m

( t ) as t ! 1

(in case 0 < � < 1, this is equiv alen t to P (

e

R

m

2

�

e

R

m

1

> x ) �

1

�(1 � � )

x

� �

e

l

m

( x ) as t ! 1 );

ii)
e

v

m

( t ) � t

�

1

e

l

m

( t )

as t ! 1 ;

iii) for ev ery b ounded sp ecial function f of X , de�ning

�

f ( x; z ; u; v ) := f ( z ), the resolv an t of

e

X

m

satis�es

�

e

R

m

1 =t

�

f

�

( � x ) � t

�

1

e

l

m

( t )

E

 

Z

e

R

m

2

e

R

m

1

�

f (

e

X

m

s

) ds

!

as t ! 1
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for ev ery �x 2

�

E ;

iv) for ev ery g nonnegativ e E -measurable with 0 < � ( g ) < 1 , for N

1

the second comp onen t of

e

X

m

(i.e the �rst comp onen t of N ),

E

�x

�

Z

1

0

e

�

1

t

s

g ( N

1

s

) ds

�

� t

�

1

e

l

m

( t )

E

 

Z

e

R

m

2

e

R

m

1

g ( N

1

s

) ds

!

as t ! 1

for e�

m

-almost all �x 2

�

E .

b) Under P

( z ;z ; � ; � )

, the la w of N

1

=

P

n � 0

1

[[ T

n

;T

n +1

[[

X

T

n

do es not dep end on m . There is some

constan t ec

m

suc h that

E

 

Z

e

R

m

2

e

R

m

1

g ( N

1

s

) ds

!

= ec

m

� ( g )(7.10)

for all g in iv), and there is a slo wly v arying function l ( � ) not dep ending on m suc h that

e

l

m

( � ) in

a) can b e replaced b y

e

l

m

( t ) = e c

m

l ( t ) ; t � 0 ; for arbitrary m :(7.11)

Pro of : 1) The equiv alence of i) and ii) is (5.1) together with (4.2)-(4.4), the equiv alence of ii)

and iii) is the decomp osition of the resolv an t in the pro of of lemma 5.3, all this applied to the

pro cess

e

X

m

(the assumptions (H1)+(H3)+(H4) relativ e to

e

X

m

whic h w e need here ha v e b een

c hec k ed, and

�

f is w eakly sp ecial for

e

X

m

and

e

R

m

1

if f is sp ecial for X ). By de�nition of

�

f , iii) can

b e written in terms of N

1

:

iv') for ev ery b ounded sp ecial function f of X and for all �x 2

�

E ,

E

�x

�

Z

1

0

e

�

1

t

s

f ( N

1

s

) ds

�

� t

�

1

e

l

m

( t )

E

 

Z

e

R

m

2

e

R

m

1

f ( N

1

s

) ds

!

; t ! 1 :

So w e ha v e pro v ed a) with iv') in place of iv).

2) Under P

( z ;z ; � ; � )

, the notation N

1

=

P

n � 0

1

[[ T

n

;T

n +1

[[

X

T

n

is unam biguous, and the l.h.s of iv')

is the resolv an t of a Mark o v step pro cess with exp (1)-holding times in all states and with jump

heigth go v erned b y the p oten tial k ernel U

1

( � ; � ) of X . So in this case, there is asymptotically as

t ! 1 no dep endence on m in the r.h.s of iv'), and there is a function l ( � ) v arying slo wly at 1 ,

not dep enden t on m , suc h that

( � )

e

l

m

( t )

1

E

�

R

e

R

m

2

e

R

m

1

f ( N

1

s

) ds

�

� l ( t )

1

� ( f )

; t ! 1 :

Prop osition 1.10 applied to additiv e functionals

R

t

0

g ( N

1

s

) ds of

e

X

m

- with in v arian t measure e�

m

whose image under the pro jection ( x; z ; u; v ) ! z equals � - sho ws that there is a constan t ec

m
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with prop ert y (7.10), so (*) implies (7.11).

3) In order to complete the pro of of the lemma, note that assertion iv') is equiv alen t to iv) in a)

b y the ratio limit theorem 1.8 for resolv an ts in

e

X

m

. 2

7.12 Lemma : W e ha v e e c

m

= 2

m

= [ � ( C ) � (1 � � 2

� m

)] in (7.10)+(7.11).

Pro of : Consider g nonnegativ e E -measurable with 0 < � ( g ) < 1 , and an arbitrary

�

E -measurable

nonnegativ e function �g with 0 < e�

m

( � g ) < 1 . Prop osition 1.10 applied to

R

t

0

g ( N

1

s

) ds and

R

t

0

�g (

e

X

m

s

) ds - additiv e functionals of

e

X

m

with in v arian t measure e�

m

- sho ws that (7.10) can b e

extended to

E

 

Z

e

R

m

2

e

R

m

1

�g (

e

X

m

s

) ds

!

= e c

m

e�

m

( � g ) :(7.13)

Consider the coun ting pro cess

e

�

m

t

:=

X

n � 1

1

[[

e

R

m

n

; 1 [[

( t ) ; t � 0

asso ciated to the life cycle decomp osition (

e

R

m

n

)

n

in

e

X

m

. By (7.5), the (

e

R

m

n

)

n � 1

are passage times

from the atom

e

A

m

= E � C � (0 ; 2

� m

) � (0 ; � ) to its complemen t. By 7.3 ii), the measure � b eing

concen trated on the set C , the atom

e

A

m

can only b e left b y a c hange from (0 ; 2

� m

) � (0 ; � ) to

((0 ; 2

� m

) � (0 ; � ))

c

in the t w o last comp onen ts of

e

X

m

. So the

e

I F

m

-comp ensator of the coun ting

pro cess

e

�

m

is

Z

t

0

(1 � � 2

� m

) 1

e

A

m

(

e

X

m

s

) ds

and (7.13) giv es

1 = E

�

e

�

m

e

R

m

2

�

e

�

m

e

R

m

1

�

= (1 � � 2

� m

) E

 

Z

e

R

m

2

e

R

m

1

1

e

A

m

(

e

X

m

s

) ds

!

= (1 � � 2

� m

) e c

m

e�

m

(

e

A

m

)

and the assertion follo ws from e�

m

(

e

A

m

) = � 2

� m

� ( C ). 2

W e deduce from 7.9 and 7.12 that regular v ariation at 1 of tails of life cycle length distributions

in

e

X

m

can b e expressed in terms of regular v ariation at 0 of the resolv an t of the original pro cess X .

7.14 Theorem : Consider 0 < � � 1 and l ( � ) v arying slo wly at 1 . Then for arbitrary m , for life

cycle decomp ositions (

e

R

m

n

)

n

of

e

X

m

giv en b y (7.5) and constan ts e c

m

giv en in 7.12, the follo wing
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assertions i) - iii) are equiv alen t:

i) er

m

( t ) =

Z

t

0

P (

e

R

m

2

�

e

R

m

1

> x ) dx �

1

�(2 � � )

t

1 � �

ec

m

l ( t ) as t ! 1

(in case 0 < � < 1, this is equiv alen t to P (

e

R

m

2

�

e

R

m

1

> x ) �

1

�(1 � � )

x

� �

e c

m

l ( x ) as t ! 1 );

ii)
e

v

m

( t ) =

�

1 � E

�

e

�

1

t

(

e

R

m

2

�

e

R

m

1

)

��

� 1

� t

�

1

e c

m

l ( t )

as t ! 1 ;

iii) for ev ery g nonnegativ e E -measurable with 0 < � ( g ) < 1 , one has regular v ariation at 0 of

resolv an ts in the original pro cess X

�

R

1 =t

g

�

( x ) = E

x

�

Z

1

0

e

�

1

t

s

g ( X

s

) ds

�

� t

�

1

l ( t )

� ( g ) ; t ! 1(7.15)

for � -almost all x 2 E (the exceptional set dep ending on g ).

Pro of : Note that i) and ii) ab o v e rephrase assertions i) and ii) of 7.9 a). Note also that the

resolv an t (7.15) in X can b e rewritten as a resolv an t in the pro cess

�

X = ( X ; N ) of 7.1, of form

E

( x;z ;u;v )

�

Z

1

0

e

�

1

t

s

g ( X

s

) ds

�

where z ; u; v are arbitrary . Fix some b ounded sp ecial function f for X . Consider

(+) t ! E

�x

�

Z

1

0

e

�

1

t

s

g ( X

s

) ds

�

; t ! E

�x

�

Z

1

0

e

�

1

t

s

f ( N

1

s

) ds

�

as resolv an ts in

�

X with in v arian t measure �� on (

�

E ;

�

E ). Since N -comp onen ts coincide in

�

X and

e

X

m

, the second expression in (+) is also a resolv en t in

e

X

m

. Th us according to 7.9 a) iii) together

with (7.10)+(7.11), regular v ariation

E

�x

�

Z

1

0

e

�

1

t

s

f ( N

1

s

) ds

�

� t

�

1

l ( t )

� ( f ) ; t ! 1

for all �x 2

�

E is equiv alen t to i) and ii). It remains to apply the RL T 1.8 to the resolv an ts (+) in

�

X and to note that � is image of �� under pro jections ( x; z ; u; v ) ! x and ( x; z ; u; v ) ! z . 2

7.16 Theorem : a) F or 0 < � � 1 and l ( � ) v arying slo wly at 1 , the follo wing i) and ii) are

equiv alen t:

i) for ev ery g nonnegativ e E -measurable with 0 < � ( g ) < 1 , one has regular v ariation at 0 of

resolv an ts in X

�

R

1 =t

g

�

( x ) = E

x

�

Z

1

0

e

�

1

t

s

g ( X

s

) ds

�

� t

�

1

l ( t )

� ( g ) ; t ! 1
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for � -almost all x 2 E (the exceptional set dep ending on g );

ii) for ev ery additiv e functional A of X with 0 < E

�

( A

1

) < 1 , one has w eak con v ergence

( A

tn

)

t � 0

n

�

= l ( n )

! E

�

( A

1

) W

�

(in D ( I R

+

; I R ) as n ! 1 , under P

x

for all x 2 E ) where W

�

is the Mittag-Le�er pro cess of

index � .

b) The cases in a) are the only ones where w eak con v ergence of

( A

tn

)

t � 0

v ( n )

to a con tin uous non-

decreasing limit pro cess W (with W

0

= 0 and L ( W

1

) not degenerate at 0) is a v ailable for some

norming function v .

Pro of : 1) The additiv e functional A of X is also an additiv e functional of

�

X = ( X ; N ). The

RL T in

�

X with in v arian t measure �� sho ws

A

t

R

t

0

g ( N

1

s

) ds

!

E

�

( A

1

)

� ( g )

as t ! 1 , P

�x

-a.s. for all �x 2

�

E

where g � 0 is an y �xed E -measurable function with 0 < � ( g ) < 1 . W e can also view

R

t

0

g ( N

1

s

) ds

as additiv e functional of

e

X

m

since N -comp onen ts in

�

X or

e

X

m

are the same, and compare it via

ratio limits in

e

X

m

with in v arian t measure e�

m

to the coun ting pro cess

e

�

m

=

P

n � 1

1

[[

e

R

m

n

; 1 [[

, or

to the comp ensator

(1 � � 2

� m

)

Z

t

0

1

e

A

m

(

e

X

m

s

) ds

of

e

�

m

relativ e to

e

I F

m

(see pro of of 7.12). Th us

R

t

0

g ( N

1

s

) ds

e

�

m

t

!

� ( g )

(1 � � 2

� m

) � 2

� m

� ( C )

= ec

m

� ( g ) ; t ! 1

P

�x

-a.s. for all �x 2

�

E , where ec

m

is giv en in 7.12. So it remains to consider w eak con v ergence of

the coun ting pro cess

e

�

m

asso ciated to the life cycle decomp osition (

e

R

m

n

)

n

of

e

X

m

.

2) Assume regular v ariation of the resolv an t of X at 0 as in a) i), and th us b y theorem 7.14 regular

v ariation of

e

X

m

-life cycle length distributions as in 7.14 a) i) together with regular v ariation of

the function
e

v

m

( � ) in 7.14 a) ii). F or this setting, it has b een pro v ed in section 4 (see in particular

(4.16) with v �
e

v

m

and with a ( � ) an asymptotic in v erse to v ( � )) that

1

e
v

m

( n )

�

e

�

m

tn

�

t � 0

! W

�

(w eakly in D ( I R

+

; I R ) as n ! 1 , under P

x

for all x 2 E ), or using the ab o v e ratio limits

1

e
v

m

( n )

( A

tn

)

t � 0

! E

�

( A

1

) e c

m

W

�

:

79



By the structure of
e

v

m

in 7.14, the ec

m

cancels, and w e ha v e assertion a) ii) of the theorem.

3) Assume no w that one has w eak con v ergence of rescaled and suitably normed additiv e functio-

nals

1

v ( n )

�

e

�

m

tn

�

t � 0

of

e

X

m

as n ! 1 to a con tin uous limit pro cess W . Then in virtue of theorems

5.6.A+B, w e ha v e necessarily regular v ariation of
e

v

m

at 1 with some index 0 < � � 1 (see also

remark 5.7), in whic h case w e are bac k in step 2) - so no other t yp es of limits can arise under

w eak con v ergence - and ha v e b y theorem 7.14 regular v ariation at 0 of the resolv an t of X as in

a) i). So the pro of of theorem 7.16 is completed. 2

No w w e consider martingales M 2 M

2 ; lo c

( P

x

; I F ) meeting

(H5

A

): M has the prop ert y

8 y ; 8 s; t : M

t + s

� M

t

= M

s

� #

t

P

y

-a.s. ;

h M i and [ M ] are additiv e functionals of X , and E

�

( h M i

1

) < 1 .

By construction of

�

X in 7.1, w e can lift the pro cesses M , h M i , [ M ] to (

�


 ;

�

A ;

�

I F ): then M is

in M

2 ; lo c

with resp ect to

�

I F and to la ws

�

P := P

( x;z ;u;v )

with arbitrary z ; u; v , with predictable

quadratic v ariation and quadratic v ariation as b efore. (H5

A

) will remain true with resp ect to

shifts ( # )

t � 0

on (

�


 ;

�

A ;

�

I F ), with la ws P

( y ;z

0

;u

0

;v

0

)

replacing P

y

, and with E

��

replacing E

�

.

(Note that I F -stopping times b ecome

�

I F -stopping times; to see that martingale prop erties relativ e

to ( P

x

; I F ) do carry o v er to (

�

P ;

�

I F ) as asserted, consider a ( P

x

; I F )-martingale M

0

, s < t , and sets

�

F 2

�

F

s

of form

�

F = f

�

X

s

i

2

�

A

i

:= A

i

1

� A

i

2

� A

i

3

� A

i

4

; 0 � i � l g ; 0 = s

0

< s

1

< ::: < s

l

= s ; l 2 I N

with A

i

1

; A

i

2

2 E , A

i

3

; A

i

4

2 B ([0 ; 1]). Then for ev ery n

E

( x;z ;u;v )

�

1

�

F \f T

n +1

>s g

( M

0

t

� M

0

s

)

�

= E

( x;z ;u;v )

�

Z

1

0

:::

Z

1

0

dt

1

e

� t

1

:::dt

n +1

e

� t

n +1

1

f t

1

+ ::: + t

n +1

>s g

�

G

t

1

;:::;t

n +1

z ;u;v

( M

0

t

� M

0

s

)

�

where

�

G

t

1

;:::;t

n +1

z ;u;v

is giv en b y

l

Y

i =0

 

1

f s

i

<t

1

g

1

�

A

i

( X

s

i

; z ; u; v ) +

n

X

k =1

1

f t

0

+ ::: + t

k

� s

i

<t

0

+ ::: + t

k +1

g

1

�

A

i

( X

s

i

; X

t

0

+ ::: + t

k

; U

k

; V

k

)

!

with notations of 7.1 and t

0

= 0. By the indep endence assumptions in 7.1, the ab o v e in tegral is

Z

1

0

:::

Z

1

0

dt

1

e

� t

1

:::dt

n +1

e

� t

n +1

1

f t

1

+ ::: + t

n +1

>s g




t

1

;:::;t

n +1

z ;u;v

E

x

�

G

t

1

;:::;t

n +1

( M

0

t

� M

0

s

)

�
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with G

t

1

;:::;t

n +1

the indicator function of an ev en t in �

�

X

s

i

; 0 � i � l ; X

( t

0

+ ::: + t

k

) ^ s

; 0 � k � n

�

,

th us in F

s

, and for suitable 


t

1

;:::;t

n +1

z ;u;v

2 [0 ; 1]. Th us the last in tegral equals 0. As n ! 1 , w e ha v e

E

�

P

(1

�

F

( M

0

t

� M

0

s

)) = 0 for

�

P = P

( x;z ;u;v )

. Since

�

I F is the �ltration generated b y

�

X , one deduces

E

�

P

(1

�

F

0

( M

0

t

� M

0

s

)) = 0 for arbitrary ev en ts

�

F

0

2

�

F

s

.)

7.17 Lemma : F rom martingales M 2 M

2 ; lo c

( P

x

; I F ) meeting (H5

A

), and suc h that in addition

h M i is a lo cally b ounded pro cess, consider

M

m

t

=

X

n � 0

1

f

�

X

T

n

=2 F

C;m

g

�

M

T

n +1

� M

T

n

�

t

; t � 0

de�ned on (

�


 ;

�

A ), where F

C ;m

= E � C � (0 ; 2

� m

) � [0 ; 1] is the set o ccurring in 7.2.

Then the follo wing holds, for arbitrary m � 1.

a) The pro cess M

m

is

e

I F

m

-adapted.

b) M

m

b elongs to M

2 ; lo c

(

e

I F

m

;

�

P ) with

�

P = P

( x;z ;u;v )

for arbitrary z ; u; v .

c) W rite h M

m

i , [ M

m

] for angle and square brac k ett of M

m

with resp ect to (

e

I F

m

;

�

P ). On

(

�


 ;

�

A ;

e

I F

m

; ( #

t

)

t � 0

; ( P

�y

)

�y 2

�

E

), with lifecycles for

e

X

m

de�ned b y (7.5) and in v arian t measure e�

m

giv en b y (7.2"), the pro cesses M

m

, h M

m

i , [ M

m

] satisfy all conditions (H5

A

) + (H5

B

); one has

e c

m

E

e�

m

( h M

m

i

1

) = E

�

h M

m

i

e

R

m

2

� h M

m

i

e

R

m

1

�

< 1(7.18)

with e c

m

as in 7.12.

Pro of : a) T o see that the pro cess M

m

on (

�


 ;

�

A ) is

e

I F

m

-adapted, w e shall pro v e

(+) � ( n; t ) := ( t � T

n

) _ 0 is an

�

e

F

m

T

n

+ u

�

u � 0

-stopping time

(++) the pro cess

�

1

f

�

X

T

n

=2 F

C;m

g

�

M

T

n +1

� M

T

n

�

T

n

+ u

�

u � 0

is

�

e

F

m

T

n

+ u

�

u � 0

-adapted

for n 2 I N

0

, t � 0. Com bining (+) and (++) yields

1

f

�

X

T

n

=2 F

C;m

g

�

M

T

n +1

� M

T

n

�

T

n

+ � ( n;t )

is

e

F

m

T

n

+ � ( n;t )

-measurable .

No w T

n

+ � ( n; t ) = T

n

_ t is an

e

I F

m

-stopping time whic h equals t on f T

n

� t g = f T

n

_ t � t g .

Th us b y de�nition of

e

F

m

T

n

_ t

f T

n

� t g \ f

�

X

T

n

=2 F

C ;m

g \ f

�

M

T

n +1

� M

T

n

�

t

2 A g 2

e

F

m

t
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for sets A 2 B ( I R ): th us

M

m

=

1

X

n =0

1

f

�

X

T

n

=2 F

C;m

g

1

[[ T

n

; 1 [[

�

M

T

n +1

� M

T

n

�

is

e

I F

m

-adapted whic h is a). W e sho w (+) and (++).

Since T

n

is an

e

I F

m

-stopping time, � ( n; t ) is

e

F

m

T

�

n

-measurable and nonnegativ e, hence (+) is ob vious

since f � ( n; t ) � v g 2

e

F

m

T

�

n

�

e

F

m

T

n

+ v

, v � 0. T o see (++), note �rst that b y (H5

A

)

h

1

f

�

X

T

n

=2 F

C;m

g

�

M

T

n +1

� M

T

n

�

T

n

+ u

i

( ! ) =

h

1

f

�

X

0

=2 F

C;m

g

M

T

1

u

i

( #

T

n

( ! )) :

No w M is

�

I F -adapted; stopp ed at time T

1

, the pro cess M

T

1

is

�

�

F

u ^ T

1

�

u � 0

-adapted, th us

( � ) f

�

X

0

=2 F

C ;m

g \ f M

T

1

u

2 A g 2

�

F

T

1

^ u

; A 2 B ( I R ) ; u � 0 :

Since

�

�


 ;

�

A ;

�

I F

�

is the canonical path space for

�

X , see 7.1 - 7.2, w e ha v e b y construction of

e

X

m

( �� ) the � -�elds

�

F

T

1

^ u

and

e

F

m

T

1

^ u

coincide in restriction to f

�

X

0

=2 F

C ;m

g .

By (*) and (**), the pro cess 1

f

�

X

0

=2 F

C;m

g

M

T

1

is in particular

e

I F

m

-adapted. Then (H5

A

) sho ws

that

h

1

f

�

X

T

n

=2 F

C;m

g

�

M

T

n +1

� M

T

n

�

T

n

+ u

i

( ! ) =

h

1

f

�

X

0

=2 F

C;m

g

M

T

1

u

i

( #

T

n

( ! ))

is

e

F

m

T

n

+ u

-measurable, for all n 2 I N

0

, u � 0 : this is (++). So assertion a) is pro v ed.

b) By assumption, M and th us M

m

b elong to M

2 ; lo c

(

�

I F ;

�

P ). Since

e

I F

m

is smaller than

�

I F , (

�

I F ;

�

P )-

martingales whic h are

e

I F

m

-adapted will b e (

e

I F

m

;

�

P )-martingales. By a), M

m

is

e

I F

m

-adapted. It

remains to sho w that there are lo calizing sequences ( e�

m

l

)

l � 1

for M

m

whic h are

e

I F

m

-stopping

times: then M

m

will b elong to M

2 ; lo c

(

e

I F

m

;

�

P ).

W e consider �rst the particular case where the pro cess h M i is con tin uous. Then

Y

m

:=

1

X

n =0

1

f

�

X

T

n

=2 F

C;m

g

�

h M i

T

n +1

� h M i

T

n

�

is con tin uous and nondecreasing, and one pro v es exactly as in a) that Y

m

is

e

I F

m

-adapted. So

e�

m

l

:= inf f t > 0 : Y

m

t

> l g ; l � 1

is a sequence of

e

I F

m

-stopping times increasing to 1 suc h that

( M

m

)

(

e�

m

l

)

is in M

2

(

e

I F

m

;

�

P ) with angle brac k ett ( Y

m

)

(

e�

m

l

)

, l � 1.
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No w w e consider the case of a lo cally b ounded pro cess h M i . Then there is a sequence ( �

l

)

l � 1

of

�

I F -stopping times increasing to 1 and a sequence of constan ts ( C

l

)

l � 1

suc h that

h M i

( �

l

)

� C

l

on I R

+

� 
, for ev ery l � 1.

W e restrict �

l

to the ev en t f

�

X

0

=2 F

C ;m

g on whic h w e observ e

e

X

m

up to time T

1

, b y construction

of

e

X

m

in 7.2, and de�ne

e

�

m

l

:= ( �

l

)

f

�

X

0

=2 F

C;m

g

^ T

1

; l � 1 :

By construction w e ha v e

e

�

m

l

� T

1

8 l ;

e

�

m

l

" as l ! 1 , and f

e

�

m

l

< T

1

g # ; as l ! 1 .

Let us pro v e that

e

�

m

l

are

e

I F

m

-stopping times, l � 1.

Since

e

�

m

l

has b een constructed as

�

I F -stopping time, one has

f

e

�

m

l

� v g = f

e

�

m

l

� v ^ T

1

g 2

�

F

v ^ T

1

; v � 0 :

By (**) ab o v e, the � -�elds

�

F

v ^ T

1

and

e

F

m

v ^ T

1

coincide in restriction to f

�

X

0

=2 F

C ;m

g , th us

f

�

X

0

=2 F

C ;m

g \ f

e

�

m

l

� v g 2

e

F

m

v ^ T

1

; v � 0 :

Since T

1

and v ^ T

1

are

e

I F

m

-stopping times,

f

�

X

0

2 F

C ;m

g \ f

e

�

m

l

� v g = f

�

X

0

2 F

C ;m

g \ f T

1

� T

1

^ v g 2

e

F

m

v ^ T

1

; v � 0 :

Both assertions together pro v e that

e

�

m

l

are

e

I F

m

-stopping times, l � 1. Since ( T

n

)

n

are

e

I F

m

-

stopping times, also

�

n;m

l

:= T

n

+

e

�

m

l

� ( #

T

n

) ; l � 1 ; n 2 I N

0

are

e

I F

m

-stopping times. The sequence

�

�

n;m

l

�

l � 1

has the prop erties

T

n

� �

n;m

l

� T

n +1

8 l ; �

n;m

l

" as l ! 1 , and f �

n;m

l

< T

n +1

g # ; as l ! 1

1

f

�

X

T

n

=2 F

C;m

g

�

h M i

T

n +1

� h M i

T

n

�

�

n;m

l

=

�

1

f

�

X

0

=2 F

C;m

g

h M i

T

1

e

�

m

l

�

� ( #

T

n

) � C

l

; l � 1

where w e ha v e used (H5

A

). Let us de�ne for l � 1

e�

m

l

:=

�

�

0 ;m

l

�

f �

0 ;m

l

<T

1

g

^ ::: ^

�

�

l � 1 ;m

l

�

f �

l � 1 ;m

l

<T

l

g

^ T

l

:
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Then

�

e�

m

l

�

l � 1

is an increasing sequence of

e

I F

m

-stopping times. Since f �

n;m

l

< T

n +1

g # ; as

l ! 1 for ev ery n �xed, the sequence increases to 1 as l ! 1 , and meets b y construction

( Y

m

)

(

e�

m

l

)

�

l � 1

X

n =0

1

f

�

X

T

n

=2 F

C;m

g

�

h M i

T

n +1

� h M i

T

n

�

�

n;m

l

� l � C

l

on I R

+

� 
, for ev ery l � 1. Th us w e ha v e a sequence of

e

I F

m

-stopping times increasing to 1 suc h

that

( M

m

)

(

e�

m

l

)

is in M

2

(

e

I F

m

;

�

P ) with angle brac k ett ( Y

m

)

(

e�

m

l

)

, l � 1.

This pro v es b).

c) By assumption w e ha v e (H5

A

) for M 2 M

2 ; lo c

(

�

I F ;

�

P ): the pro cesses h M i , [ M ] are additiv e

functionals of

�

X , and M satis�es

8 �y ; 8 s; t : M

t + s

� M

t

= M

s

� #

T

n

P

�y

-a.s.

These prop erties carry o v er to M

m

, h M

m

i with resp ect

e

X

m

since

dM

m

s

= 1

( C � (0 ; 2

� m

) � [0 ; 1])

c

( N

s

� ) dM

s

; d h M

m

i

s

= 1

( C � (0 ; 2

� m

) � [0 ; 1])

c

( N

s

� ) d h M i

s

dep end only on the tra jectory of

e

X

m

, b y construction in 7.2; for the quadratic v ariation [ M

m

],

use appro ximation b y sums of quadratic incremen ts o v er time partitions with mesh tending to 0.

(7.18) is obtained from the ratio limit theorem together with (7.13) or (7.10). This sho ws that the

pro cesses M

m

, h M

m

i , [ M

m

] on (

�


 ;

�

A ;

e

I F

m

; ( #

t

)

t � 0

; ( P

�y

)

�y 2

�

E

) satisfy assumption (H5

A

). W e c hec k

(H5

B

). With lifecycles for

e

X

m

de�ned b y (7.5) and in v arian t measure e�

m

giv en b y (7.2"), note

that ev ery

e

R

m

n

, n � 1, is a passage time from

e

A

m

to

�

e

A

m

�

c

: since M

m

is constan t b efore time

e

R

m

n

and since M is c� adl� ag, the paths of M

m

are con tin uous at

e

R

m

n

. Hence ( M

m

)

e

R

m

n

is measurable

with resp ect to

e

F

m

(

e

R

m

n

)

�

, whic h is (*) of (H5

B

). 2

7.19 Lemma : W e ha v e in (7.18)

E

e�

m

( h M

m

i

1

) = E

��

( h M

m

i

1

) ; lim

m !1

E

��

( h M

m

i

1

) = E

��

( h M i

1

) = E

�

( h M i

1

) :

Pro of : F or m �xed, c ho ose a function �g nonnegativ e,

�

E -measurable, 0 < �� ( � g ) < 1 suc h that �g

equals 0 on E � C � (0 ; 2

� m

) � [0 ; 1] : then �� ( � g ) = e�

m

( � g ), and

R

t

0

�g (

�

X

s

) ds =

R

t

0

�g (

e

X

m

s

) ds . W e apply

the RL T to h M

m

i

t

and

R

t

0

�g (

e

X

m

s

) ds as

e

I F

m

-additiv e functionals, and to h M

m

i

t

and

R

t

0

�g (

�

X

s

) ds as
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�

I F -additiv e functionals. Since �� ( � g ) = e�

m

( � g ), this giv es E

e�

m

( h M

m

i

1

) = E

��

( h M

m

i

1

). As m ! 1 ,

the second assertion follo ws b y dominated con v ergence since

E

��

( h M i

1

� h M

m

i

1

) = E

��

�

Z

1

0

1

E � C � (0 ; 2

� m

) � [0 ; 1]

(

�

X

s

) d h M i

s

�

:

2

7.20 Theorem : Consider 0 < � � 1 and l ( � ) v arying slo wly at 1 . Assume that condition (7.15)

holds: for ev ery g nonnegativ e E -measurable with 0 < � ( g ) < 1 , one has regular v ariation at 0

of resolv an ts in X

�

R

1 =t

g

�

( x ) = E

x

�

Z

1

0

e

�

1

t

s

g ( X

s

) ds

�

� t

�

1

l ( t )

� ( g ) ; t ! 1

for � -almost all x 2 E (the exceptional set dep ending on g ).

Then for lo cal martingales M 2 M

2 ; lo c

( P

x

; I F ) meeting (H5

A

) and suc h that h M i is lo cally

b ounded:

a) for ev ery m �xed, w e ha v e w eak con v ergence in D ( I R

+

; I R ) as n ! 1 under

�

P

1

p

n

�

=l ( n )

( M

m

tn

)

t � 0

!

�

E

��

( h M

m

i

1

)

�

1 = 2

B ( W

�

)

where B ( W

�

) is Bro wnian motion time-c hanged b y an indep enden t Mittag Le�er pro cess;

b) w e ha v e w eak con v ergence in D ( I R

+

; I R ) as n ! 1 under

�

P

1

p

n

�

=l ( n )

( M

tn

)

t � 0

!

�

E

��

( h M i

1

)

�

1 = 2

B ( W

�

) ;

c) w e ha v e w eak con v ergence in D ( I R

+

; I R ) as n ! 1 under P

x

1

p

n

�

=l ( n )

( M

tn

)

t � 0

!

�

E

�

( h M i

1

)

�

1 = 2

B ( W

�

) :

Pro of : By lemma 7.17, for ev ery ( P

x

; I F )-lo cal martingale M meeting (H5

A

) and suc h that h M i

is a lo cally b ounded pro cess, M

m

de�ned in 7.17 is an (

�

P ;

e

I F

m

)-lo cal martingale on (

�


 ;

�

A ), and

meets assumptions (H5

A

)+(H5

B

) with resp ect to

e

X

m

,

e

I F

m

and with resp ect to the life cycles

(

e

R

m

n

)

n

de�ned in (7.5). By the remark preceding lemma 7.9, w e kno w that all assumptions needed

in section 4 are met for

e

X

m

and M

m

.

Com bining 7.14+(7.18)+7.19 with theorem 4.12 for M

m

, w e get a).

It remains to pro v e b). By de�nition of M

m

and b y Lenglart's inequalit y ([J-Sh 87, p. 35]),

�

P

 

sup

0 � t � t

0

1

p

n

�

=l ( n )

j M

tn

� M

m

tn

j >

p

"

!
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(for arbitrary m , t

0

< 1 and "; � > 0) is b ounded b y

�

"

+

�

P

�

1

n

�

=l ( n )

Z

t

0

n

0

1

E � C � (0 ; 2

� m

) � [0 ; 1]

(

�

X

s

) d h M i

s

> �

�

where the last expression decreases to 0 as m tends to 1 . Th us, for t

0

< 1 and " > 0 there is

some m

0

= m

0

( t

0

; " ) suc h that

lim

n !1

 

sup

m � m

0

�

P

 

sup

0 � t � t

0

1

p

n

�

=l ( n )

j M

tn

� M

m

tn

j >

p

"

!!

< "

where w e ha v e used theorem 7.16. Let G b e nonnegativ e, uniformly con tin uous and b ounded

on the canonical path space D ( I R

+

; I R ) of

1

p

n

�

=l ( n )

( M

tn

)

t � 0

. Then for ev ery � > 0, there are

constan ts C

1

; C

2

suc h that for arbitrary m � m

0

lim sup

n !1

E

�

P

 

G

 

1

p

n

�

=l ( n )

M

� n

!!

� lim

n !1

E

�

P

 

G

 

1

p

n

�

=l ( n )

M

m

� n

!!

+ C

1

� + C

2

"

lim inf

n !1

E

�

P

 

G

 

1

p

n

�

=l ( n )

M

� n

!!

� lim

n !1

E

�

P

 

G

 

1

p

n

�

=l ( n )

M

m

� n

!!

� C

1

� � C

2

"

(this is seen as follo ws: according to the de�nition of Sk oroho d distance d ( :; : ) on D ( I R

+

; I R ) ,

see [J-Sh 87, c h. VI], for ev ery � > 0 there is � = � ( � ) > 0, " = " ( � ) > 0, t

0

= t

0

( � ) < 1 suc h that

sup

0 � t � t

0

j f ( t ) � g ( t ) j <

p

" implies �rst d ( f ; g ) < � , and second j G ( f ) � G ( g ) j < C

1

� , for all

f ; g 2 D ( I R

+

; I R ) ). Com bining these inequalities with w eak con v ergence

1

p

n

�

=l ( n )

( M

m

tn

)

t � 0

!

�

E

��

( h M

m

i

1

)

�

1 = 2

B ( W

�

)

according to a) and using

lim

m !1

E

��

( h M

m

i

1

) = E

��

( h M i

1

)

as sho wn in 7.19, w e get the assertion of b). c) is a simple restatemen t of b). 2

By theorems 7.16 and 7.20, all assertions of subsection 3.3 are pro v ed.
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Ov erview: assumptions (H1) - (H6)

W e giv e a list of the assumptions used in this note and resume their connections.

X = ( X

t

)

t � 0

is a con tin uous-time strong Mark o v pro cess with semigroup ( P

t

( � ; � ))

t � 0

, taking

v alues in a P olish space ( E ; E ), with c� adl� ag paths, living on some (
 ; A ; I F ; ( #

t

)

t � 0

; ( P

x

)

x 2 E

).

Only in section 7 w e require that X is the canonical pro cess on its canonical path space D ( I R

+

; E ).

The �rst assumption is

(H1): X = ( X

t

)

t � 0

is Harris with in v arian t measure � .

This is the basic assumption used throughout the pap er; (H1) is equiv alen t (see 1.4) to an y of

the follo wing prop erties (H2) or (H2

�

), 0 < � < 1 :

(H2): X = ( X

�

n

)

n � 0

is Harris, with �

n

� �

n � 1

i.i.d exp (1)-w aiting times indep enden t of X

(H2

�

): X

�

= ( X

�

n

)

n � 0

is Harris, with �

n

� �

n � 1

i.i.d exp ( � )-w aiting times indep enden t of X

where w e put �

0

= �

0

= 0, and where the in v arian t measure for X or X

�

is � .

Via (H2)+(H2

�

) for some � > 1, see 6.7, w e ha v e the follo wing prop ert y (H6) whic h is needed

for Nummelin splitting:

(H6): The one-step transition k ernel U

1

( � ; � ) of X satis�es the minorization condition (

f

M

1

):

there is some set C 2 E with � ( C ) > 0, some probabilit y measure � on ( E ; E ) equiv alen t to

� ( � \ C ), and some 0 < � < 1 suc h that U

1

( x; dy ) � � 1

C

( x ) � ( dy ) , for all x; y 2 E .

A second group of assumptions is used for pro cesses with life cycles:

(H3): X has a recurren t atom A 2 E and a life cycle decomp osition ( R

n

)

n � 1

, see 1.9.A + 1.9.B.

(H4): There is some function f , b ounded, nonnegativ e, E -measurable, 0 < � ( f ) < 1 , suc h that

x ! E

x

�

Z

R

1

0

f ( X

s

) ds

�

is b ounded on E

(called we akly sp e cial for X and R

1

).

Under suitable de�nition of the life cycle decomp osition ( R

n

)

n

in (H3), (H4) will hold in virtue

of the Harris prop ert y (H2), see prop osition 3.4.
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A third group of assumptions deals with M 2 M

2 ; lo c

( P

x

; I F ), the class of lo cally square in tegrable

lo cal martingales w.r.t. P

x

and I F , with c� adl� ag paths and with M

0

= 0:

(H5

A

): M has the prop ert y

8 y ; 8 s; t : M

t + s

� M

t

= M

s

� #

t

P

y

-a.s. ;

angle brac k ett h M i and square brac k ett [ M ] are additiv e functionals of X , and E

�

( h M i

1

) < 1 .

Whenev er w e w ork with a life cycle decomp osition ( R

n

)

n

of the pro cess X , w e need indep enden t

incremen ts of M o v er life cycles of X :

(H5

B

): F or the life cycle decomp osition ( R

n

)

n

of (H3), M satis�es either ( � ):

( � ) M

R

n

is measurable with resp ect to F

R

�

n

, for all n � 1

or the follo wing ( �� ):

( �� ) R

n +1

� R

n

and M � M

R

n

are indep enden t of F

R

n

, for all n � 1 .
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